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Abstract
In a theory with broken supersymmetry, gaugino couplings renormalize differently from gauge
couplings, as do higgsino couplings from Higgs boson couplings. As a result, we expect the gauge
(Higgs boson) couplings and the corresponding gaugino (higgsino) couplings to evolve to different
values under renormalization group evolution. We re-examine the renormalization group equations
(RGEs) for these couplings in the Minimal Supersymmetric Standard Model (MSSM). To include
threshold effects, we calculate the β-functions using a sequence of (non-supersymmetric) effective
theories with heavy particles decoupled at the scale of their mass. We find that the difference
between the SM couplings and their SUSY cousins that is ignored in the literature may be larger
than two-loop effects which are included, and further that renormalization group evolution induces
a non-trivial flavour structure in gaugino interactions. We present here the coupled set of RGEs
for these dimensionless gauge and “Yukawa”-type couplings. The RGEs for the dimensionful SSB
parameters of the MSSM will be presented in a companion paper.
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I. INTRODUCTION
Renormalization group equations (RGEs) have played an important role in extracting
phenomenological predictions of theories valid at very high energy scales. One of the best
known examples of this is the prediction of the weak mixing angle from the simplest SUSY
SU(5) grand unified theories (GUTs): the equality of the gauge couplings at Q = MGUT,
which implies sin2 θW (MGUT) = 3/8, leads to the measured value of sin
2 θW only when these
couplings are evolved to the scale Q ∼ 100 GeV relevant to experiments [1]. Since at least
the 1980’s, RGEs have played a role in the analysis of the implications of widely different
models of new physics, including supersymmetric models, the subject of this paper [2].
Supersymmetry (SUSY) is a novel symmetry that links bosons and fermions, providing a
level of synthesis never before attained [3–6]. Since supersymmetry implies a super-partner
for every chirality state of the Standard Model (SM) with the same internal quantum num-
bers, it implies an approximate doubling of the degrees of freedom. Supersymmetry, even if
softly broken, fixes the dimensionless couplings that determine the tree-level interactions of
the superpartners with SM particles and with one another (i.e. interactions via mass dimen-
sion four), so that in this sense the theory is completely predictive. The interest in SUSY
phenomenology was sparked once it was understood that the SUSY non-renormalization
theorem implied the stability of the hierarchy between the weak and GUT or Planck scales
to radiative corrections [7]. Since SUSY is clearly not manifested in the observed spectrum
of elementary particles, SUSY must be (explicitly or spontaneously) broken. Moreover, the
mass scale of SM superpartners – at least of those that couple sizably to the Higgs sector –
must be smaller than O(1) TeV, in order for SUSY breaking not to destabilize the hard-won
hierarchy between the weak and GUT scale just mentioned. In view of our complete igno-
rance of the mechanism of SUSY breaking, it is expedient to parametrize SUSY breaking by
introducing soft-supersymmetry-breaking (SSB) operators with dimension ≤ 3 that respect
Lorentz, gauge and any other symmetries into the effective Lagrangian of the theory. These
include gaugino mass parameters, the SSB Higgs mass parameter b often written as Bµ,
sfermion mass matrices, and trilinear scalar coupling parameters, usually denoted by Aijk
[8].
We emphasize that the proliferation of SSB parameters is a result of our ignorance of
how SUSY breaking is communicated to MSSM super-partners. Until this is understood, we
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are led to resort to a variety of models [9–12]. Typically these models, which are based on
differing assumptions about high scale physics, lead to different ansa¨tze for the pattern of SSB
parameters, in a Lagrangian renormalized at this high scale Qhigh. This Lagrangian cannot
directly be used to perturbatively extract phenomenological predictions at the E ∼ 100 GeV
scale of our experiments, because large logarithms log (Qhigh/E) would invalidate (fixed
order) perturbation theory. Instead, RGEs are used to evolve all the Lagrangian parameters
to the scale E, and this resulting “low energy” Lagrangian is used to evaluate its implications
[2].
Since supersymmetric models automatically contain many scalars with the same gauge
quantum numbers, there are potential new sources of flavour violation [7, 13]. Within the
parametrization of the SSB terms described above, these are encapsulated in the sfermion
mass matrices and in the A-parameters (which may be regarded as matrices in the flavour
space). Our ultimate goal is to develop a program that will enable a general study of flavour
violation, for arbitrary values of SSB parameters at Q = Qhigh. For the present, we confine
ourselves to quark flavour violation.1
Toward this end, we need to know the RGEs for all dimensionless and dimensionful
parameters. These are already known, both in the SM [14] and in the MSSM [15–18] at
the two-loop level. Working to two loop accuracy means that we must include threshold
effects in the one-loop RGEs, since these can numerically be as large as the two loop terms,
and perhaps even larger if the sparticle spectrum is very split. It is in this connection
that we extend the existing literature [19, 20] as described below. As in these studies, we
implement SUSY and Higgs particle thresholds as step functions in our evaluation of the
β-functions. We consider first the evolution of the dimensionless couplings. We assume
that for any particle with mass Mi between the weak scale and the scale Qhigh introduced
above, the effective theory used to calculate the β-function includes this particle if Q > Mi,
but not otherwise. Thus, at a high scale Q above the masses of all sparticles and Higgs
bosons, the β-functions are those of the MSSM. As we come down in scale, the SUSY
particles and the heavy Higgs bosons decouple one-by-one until we are left with just the
SM particles, and the β-functions for the dimensionless couplings of the SM. Although
1 The analysis can readily be extended to lepton flavour violation. Although lepton flavour violation may
be more striking and experimentally easier to access than quark flavour violation, it may depend on yet
other unknowns such as the structure of any singlet neutrino mass matrix.
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this sounds quite straightforward in principle, there are several of issues that need to be
confronted to implement this program.
• The step-function decoupling of particles at the scale of their mass makes sense for
couplings of fields only in their (at least, approximate) mass basis. For instance, in
the MSSM Higgs sector, it is quite clear where the spin zero mass eigenstates h or
H (or A and H±) decouple, but the decoupling point for the hu or hd fields (or of
the higgsinos) is ambiguous, because the mass eigenstates are combinations of the hu
and hd type fields (or the corresponding higgsinos). Moreover, since the Higgs bosons
and higgsinos acquire mass from different origins, these are not “diagonalized” by a
common rotation, so that in order to implement the decoupling we must in principle
work with Higgs boson/higgsino bases that are not SUSY transforms of one another.
See, however, Sec. IIIA for a simplification.
• Since we decouple the superpartners but not the lighter SM particles, the effective
theory below the scale of the heaviest sparticle “knows” about SUSY breaking, and
necessarily includes new dimensionless couplings. For instance, while in the SUSY
limit, the coupling of the gauge boson to quarks is exactly the same for the corre-
sponding gaugino-quark-squark coupling, below the scale where we begin to decouple
heavy particles, these couplings no longer run together. For every gauge coupling gi,
the low energy theory may include additional distinct gaugino-particle-sparticle cou-
plings g˜Φi (labelled by the scalar Φ) that evolve differently from gi. For instance, if
mq˜ ≪ mg˜, below Q = mg˜ the bino coupling g˜′Q evolves differently from g′. Moreover,
g˜′Q and g˜′L (as well as other g˜′Φ couplings) also do not evolve in the same way. Indeed,
as we will see later, these couplings also develop flavour-violating components and so
become matrices in the flavour-space, which we will denote by g˜Φi , once again labelled
by the scalar Φ.
• The proliferation of these new fermion-fermion-scalar couplings also extends to the
Higgs sector. For instance, if the heavier Higgs bosons H±, A and H all decouple at
the scale Q ≃ mH that is hierarchically larger than |µ|, and squarks are light, the
effective theory in the range |µ| < Q < mH includes both higgsino doublets h˜u and h˜d
coupling to various flavours of quarks and squarks, but with quark (and squark) pairs
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coupling only to the light SM-like Higgs boson h. Thus, we must also have independent
higgsino coupling matrices that we denote by f˜Φu,d,e, once again, labelled by the scalar.
We see that even for the dimensionless couplings, there are new complications which (to
our knowledge) have not been included in previous studies, but must be taken into account
for a proper implementation of threshold effects into the (one-loop) RGEs. Motivated by
the fact that our goal is to study flavour violation in sparticle decays in a general way,
we derive the RGEs for all the relevant dimensionless couplings of the MSSM, including
flavour-violating superpotential interactions, in this paper. The number of RGEs for the
dimensionless couplings now expands from those for the three gauge couplings and three
Yukawa coupling matrices to those for the three gauge couplings, nineteen scalar-fermion-
fermion coupling matrices and four Higgs-higgsino-gaugino couplings. We should mention
that, in addition, there are numerous quartic scalar couplings arising from the D-terms or
the F -terms in the scalar potential. Although these are given by the “squares” of gauge or
superpotential Yukawa couplings in the SUSY limit, they will also renormalize differently
below the SUSY thresholds. We do not discuss the evolution of these couplings which are
less important phenomenologically. Fortunately, these couplings do not enter the evolution
of the dimensionless couplings that we do consider in this paper. We derive the RGEs for the
dimensionful parameters, the scalar masses (matrices in the case of squarks), the trilinear
coupling matrices and the SSB Bµ parameter, which have their own complications, in a
companion paper [21].
Since, as we mentioned above, the threshold effects necessarily involve SUSY breaking,
we derive our RGEs from the RGEs in a general (i.e. not necessarily supersymmetric) field
theory that have been worked out in the literature. We use the seminal papers by Machacek
and Vaughn [14] to derive the RGEs for the dimensionless couplings, while we use the work by
Luo, Wang and Xiao [22] to derive those for the dimensionful couplings of the MSSM. These
studies both use the two component spinor formalism. In contrast, most phenomenologists
are much more familiar with the four-component formalism. To facilitate the use of the
general RGEs, we re-cast the formulae for the RGEs for dimensionless couplings into four-
component notation in Sec. II. In Sec. III we discuss the transition to the “mass basis”
necessary for the implementation of the MSSM thresholds. The actual derivation of the
RGEs is carried out in Sec. IV. In Sec. V we show numerical examples of the solutions to
some of the RGEs and discuss the impact of the new effects we have included in our analysis.
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We summarize in Sec. VI. The set of RGEs for the dimensionless couplings is listed in the
Appendix.
II. FORMALISM
The one-loop RGEs for gauge couplings are well known and take the form [23],
(4π)2 βg|1−loop = −g3
[
11
3
C(G)− 2
3
∑
fermions
S(RF )− 1
3
∑
scalars
S(RS)
]
, (1)
where C(G) is the quadratic Casimir for the adjoint representation of the associated Lie
algebra, and S(RF ) and S(RS), respectively, are the Dynkin indices for the representations
RF , RS under which the fermions and (complex) scalars transform. For the Lie algebra of
SU(N), C(G) = N , while S(R) = 1/2 for the fundamental N -dimensional representation,
and S(R) = N for the adjoint representation. For the U(1)Y gauge coupling g
′, C(G) = 0
while S(R) = (Y/2)2. Heavy scalars and fermions are decoupled simply by excluding them
from the sums on the right-hand-side of (1).
The derivation of the RGEs for “Yukawa-type” couplings of scalars with fermions is more
involved. As discussed in Sec. I our strategy for deriving the RGEs is to first cast the general
two-component results in Ref. [14] and Ref. [22] into four-component notation, match the
parameters with those of the MSSM Lagrangian density, and write down the RGEs. Toward
this end, we begin with the Lagrangian density written in terms of two-component spinor
fields ψp and real scalar fields φa, as
L(2) = iψ†pσµDµψp +
1
2
DµφaD
µφa − 1
4
FµνAF
µν
A
− 1
2
[
(mf )pq ψ
T
p ζψq + h.c.
]
− 1
2!
m2abφaφb
−
(
1
2
Yapqψ
T
p ζψqφa + h.c.
)
− 1
3!
habcφaφbφc − 1
4!
λabcdφaφbφcφd .
(2)
The anti-symmetric matrix ζ ≡ iσ2, which is included to make the spinor bilinears Lorentz
invariant, also ensures that the Yukawa coupling matricesYa (labelled by the scalar field that
couples to the spinors) are symmetric in the fermion field type indices p, q. The spinor mass
matrices mf are likewise symmetric, but not necessarily Hermitian. The coefficients mab,
habc and λabcd are real and completely symmetric under permutations of all their indices.
2
2 The factor 1
2
in front of the Yukawa couplings, which is a reflection of the symmetry of the Yukawa
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We now turn to the corresponding Lagrangian density in the four-component notation
with Dirac and Majorana spinor fields and complex scalar fields, Φa, usually used by phe-
nomenologists. The familiar four-component Dirac spinor ΨD has unrelated left- and right-
chiral components and is, therefore, made up by two independent two-component spinors ψL
and ψR according to ΨD ≡ (ψL,−ζψ∗R) (where we really mean to write this equation as one
for the column matrix ΨD). In contrast, the left- and right- chiral components of a Majorana
spinor which, by definition, satisfies ΨM = CΨ¯
T
M are related. Thus, for example, a Majorana
spinor may be written in terms of a single two-component spinor as ΨM ≡ (ψL,−ζψ∗L) or
alternatively, as (ζψ∗R, ψR). The general form of the Lagrangian density that we work with
in the context of the MSSM with a conserved R-parity then takes the form,
L(4) = i
2
Ψ¯jγ
µDµΨj + (DµΦa)
† (DµΦa)− 1
4
FµνAF
µν
A
− 1
2
[
(mX)jk Ψ¯MjΨMk + i (m
′
X)jk Ψ¯Mjγ5ΨMk
]
+
[
1
2!
BabΦaΦb + h.c.
]
−m2abΦ†aΦb
−
[(
U1a
)
jk
Ψ¯DjPLΨDkΦa +
(
U2a
)
jk
Ψ¯DjPLΨDkΦ
†
a
+ (Va)jk Ψ¯DjPLΨMkΦa + (Wa)jk Ψ¯MjPLΨDkΦ
†
a
+
1
2
(
X1a
)
jk
Ψ¯MjPLΨMkΦa +
1
2
(
X2a
)
jk
Ψ¯MjPLΨMkΦ
†
a + h.c.
]
+
[
1
2!
Φ†aHabcΦbΦc + h.c.
]
− 1
2!
1
2!
ΛabcdΦ
†
aΦ
†
bΦcΦd −
[
1
3!
Λ′abcdΦ
†
aΦbΦcΦd + h.c.
]
.
(3)
In (3), Yukawa couplings of Dirac fields to scalars Φa are denoted by the matricesU
1
a andU
2
a,
while couplings of scalars to one Majorana and one Dirac field are denoted by the matrices
Va and Wa. These matrices have no particular symmetry (or hermiticity) properties under
interchange of the fermion field indices j and k. These indices label the fermion field type
(quark, lepton, gaugino, higgsino) and also carry information of flavour and other quantum
numbers (e.g. weak isospin and colour). On the other hand, the matrices X1a and X
2
a that
couple scalars to two Majorana fields are symmetric under j ↔ k because of the symmetry
properties [3] of the Majorana spinor bilinears that appear in (3). The scalar mass squared
matrix m2 is Hermitian in the scalar field indices, a, b, while the matrix B is symmetric.
The Majorana fermion mass matrices mX and m
′
X are both Hermitian and symmetric. The
coupling matrices, was included in Ref. [22] but not in Ref. [14].
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matrix mX is the familiar mass matrix, while m
′
X is the coefficient of the CP -violating
Majorana fermion bilinear [3], whose effects in the two-component spinor language show up
as phases in the entries of the fermion mass matrix mf in (2). The trilinear and quartic
scalar couplings Λ, Λ′ and H are symmetric under interchanges a↔ b and/or c↔ d for Λ,
under interchanges of b, c, d for Λ′, and finally under b↔ c for H.
Before proceeding further, we should point out that the Lagrangian density in (3) is not
the most general one that we can write. For instance, we have not included mass terms for
Dirac fermions. Also, in writing the Yukawa interactions of fermions, we have not included
terms with the operators
ΨMPLΨDΦ, and ΨDPLΨMΦ
† .
Dirac fermion masses appear in the MSSM only upon the spontaneous breakdown of elec-
troweak symmetry, while the omitted Yukawa terms do not appear in the MSSM with
R-parity conservation because Dirac fermions then carry a baryon or lepton number which
is assumed to be conserved by these renormalizable operators. Likewise, we have also written
only the subset of all scalar interactions that we need for our analysis of the MSSM.
Upon substitution of the four-component spinors in terms of their two-component cousins,
and decomposing the complex field
Φa =
ΦaR + iΦaI√
2
into its real and imaginary pieces, both of which are real fields, we can re-cast (3) into the
general form of (2), involving only two-component spinors and real scalar fields. This then
allows us to translate the parameters in (3) into the corresponding parameters in (2). We
can now use the general results for the RGEs for the dimensionless [14] and dimensionful
[22] parameters of a general quantum field theory to obtain the RGEs for the dimensionless
Yukawa coupling matrices as well as for the mass and trilinear coupling parameters that
appear in (3). We then use these to obtain the RGEs for the parameters of the MSSM,
including the effects of decouplings of various sparticles.
Since, our focus in this paper is on the RGEs for the dimensionless parameters contained
in the matrices U1a, U
2
a, Va, Wa, X
1
a and X
2
a, we begin by re-casting the corresponding
terms into two spinor component notation to find,
L(4) ∋ −
12(~ψ)T ζ 1√2

0
(
U1a
T
+U2a
T
)
Wa
T
(U1a +U
2
a) 0 Va
Wa Va
T (X1a +X
2
a)
 (~ψ)ΦaR
+
1
2
(~ψ)T ζ
i√
2

0
(
U1a
T −U2aT
)
−WaT
(U1a −U2a) 0 Va
−Wa VaT (X1a −X2a)
 (~ψ)ΦaI
+ h.c.
(4)
where
~ψ ≡

ψL
ψR
ψM
 ,
with the Dirac spinor ΨD ≡ (ψL,−ζψ∗R) and the Majorana spinor ΨM ≡ (ψM ,−ζψ∗M).
Notice that the two-component spinor fields are coupled to real scalar fields, ΦaR and ΦaI
via symmetric (but not necessarily Hermitian) matrices as expected. We can now use the
one-loop RGE for the Yukawa matrices Y that appear in (2) [14, 22]3,
(4π)2 βaY |1−loop =12
[
YT2 (F )Y
a +YaY2(F )
]
+ 2YbYa†Yb
+YbTr
{
1
2
(
Yb†Ya +Ya†Yb
)}− 3g2 {C2(F ),Ya} , (5)
to obtain the one-loop β functions for the various dimensionless couplings in (3). Here,
Y2(F ) = Y
b†Yb and C2(F ) = tAtA, where tA are the group generators in the reducible
representation that includes all the fermion fields. Clearly, the matrices Ya, Y2(F ) and
C2(F ) all have the same dimensionality, determined by the total number of two-component
fermion fields in the system. We also draw the reader’s attention to the fact that in the
four-component notation the sum over a, b, ... runs over the different complex scalar fields,
whereas in the two-component notation, we must not only sum over the various field types,
but also separately over the real and imaginary parts of the same complex field. In other
words, we have two distinct Yukawa matrices Ya, one when a refers to ΦaR and the other
when a refers to ΦaI . The trace that appears above is a sum over the fermion types.
3 Eq. (5) is slightly modified from that in Ref. [14]. We have written the Y T2 (F ) instead of Y
†
2
(F ) in the
first term and symmetrized the trace with respect to a and b. The second modification also appears in
Ref. [22], while the first one preserves the symmetry of the Yukawa coupling matrix.
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The β-functions for the Yukawa coupling matrices in (3) can then be readily found to be,
(4π)2 βU1a
∣∣
1−loop =
1
2
[(
U1bU
1†
b +U
2
bU
2†
b +VbV
†
b
)
U1a +U
1
a
(
U
1†
b U
1
b +U
2†
b U
2
b +W
†
bWb
)]
+ 2
[
U1bU
2†
a U
2
b +U
2
bU
2†
a U
1
b +VbX
2†
a Wb
]
+U1bTr
{(
U
1†
b U
1
a +U
2†
a U
2
b
)
+
1
2
(
X
1†
b X
1
a +X
2†
a X
2
b
)}
+U2bTr
{(
U
2†
b U
1
a +U
2†
a U
1
b
)
+
1
2
(
X
2†
b X
1
a +X
2†
a X
1
b
)}
− 3g2 [U1aCL2 (F ) +CR2 (F )U1a]
+
1
2
Va
(
V
†
bU
1
b +X
2†
b Wb
)
+ 2U1bW
†
aWb +U
1
bTr
{
W†aWb +V
†
bVa
}
,
(6)
(4π)2 βU2a
∣∣
1−loop =
1
2
[(
U1bU
1†
b +U
2
bU
2†
b +VbV
†
b
)
U2a +U
2
a
(
U
1†
b U
1
b +U
2†
b U
2
b +W
†
bWb
)]
+ 2
[
U1bU
1†
a U
2
b +U
2
bU
1†
a U
1
b +VbX
1†
a Wb
]
+U2bTr
{(
U
2†
b U
2
a +U
1†
a U
1
b
)
+
1
2
(
X
2†
b X
2
a +X
1†
a X
1
b
)}
+U1bTr
{(
U
1†
b U
2
a +U
1†
a U
2
b
)
+
1
2
(
X
1†
b X
2
a +X
1†
a X
2
b
)}
− 3g2 [U2aCL2 (F ) +CR2 (F )U2a]
+
1
2
(
U2bW
†
b +VbX
1†
b
)
Wa + 2VbV
†
aU
2
b +U
2
bTr
{
W
†
bWa +V
†
aVb
}
(7)
Within the MSSM with R-parity conservation, the last line of each of these equations van-
ishes because Wa and Va vanish for the a values for which U
1
a and U
2
a are non-zero. Con-
10
tinuing,
(4π)2 βX1a
∣∣
1−loop =
1
2
[(
WbW
†
b +V
T
b V
∗
b +X
1
bX
1†
b +X
2
bX
2†
b
)
X1a
+X1a
(
W∗bW
T
b +V
†
bVb +X
1†
b X
1
b +X
2†
b X
2
b
)]
+ 2
[
WbU
2†
b Vb +V
T
b U
2∗
a W
T
b +X
1
bX
2†
a X
2
b +X
2
bX
2†
a X
1
b
]
+X1bTr
{(
U
1†
b U
1
a +U
2†
a U
2
b
)
+
1
2
(
X
1†
b X
1
a +X
2†
a X
2
b
)}
+X2bTr
{(
U
2†
b U
1
a +U
2†
a U
1
b
)
+
1
2
(
X
2†
b X
1
a +X
2†
a X
1
b
)}
− 3g2 [X1aCL2 (F ) +CR2 (F )X1a]
+
1
2
[(
WbU
2†
b +X
1
bV
†
b
)
Va +V
T
a
(
U2∗b W
T
b +V
∗
bX
1
b
)]
+ 2
[
WbW
†
aX
1
b +X
1
bW
∗
aW
T
b
]
+X1bTr
{
W†aWb +V
†
bVa
}
(8)
(4π)2 βX2a
∣∣
1−loop =
1
2
[(
WbW
†
b +V
T
b V
∗
b +X
1
bX
1†
b +X
2
bX
2†
b
)
X2a
+X2a
(
W∗bW
T
b +V
†
bVb +X
1†
b X
1
b +X
2†
b X
2
b
)]
+ 2
[
WbU
1†
a Vb +V
T
b U
1∗
a W
T
b +X
1
bX
1†
a X
2
b +X
2
bX
1†
a X
1
b
]
+X2bTr
{(
U
2†
b U
2
a +U
1†
a U
1
b
)
+
1
2
(
X
2†
b X
2
a +X
1†
a X
1
b
)}
+X1bTr
{(
U
1†
b U
2
a +U
1†
a U
2
b
)
+
1
2
(
X
1†
b X
2
a +X
1†
a X
2
b
)}
− 3g2 [X2aCL2 (F ) +CR2 (F )X2a]
+
1
2
[(
VTb U
1∗
b +X
2
bW
∗
b
)
WTa +Wa
(
U
1†
b Vb +W
†
bX
2
b
)]
+ 2
[
VTb V
∗
aX
2
b +X
2
bV
†
aVb
]
+X2bTr
{
W
†
bWa +V
†
aVb
}
.
(9)
The last two lines of each of (8) and (9) vanish in the R-parity conserving MSSM, again
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because Wa and Va are zero. Finally,
(4π)2 βVa|1−loop =
1
2
[(
U1bU
1†
b +U
2
bU
2†
b +VbV
†
b
)
Va
+Va
(
W∗bW
T
b +V
†
bVb +X
1†
b X
1
b +X
2†
b X
2
b
)]
+ 2
[
U1bW
†
aX
2
b +U
2
bW
†
aX
1
b +VbW
∗
aW
T
b
]
+VbTr
{
W†aWb +V
†
bVa
}
− 3g2 [VaCL2 (F ) +CR2 (F )Va]
+
1
2
[(
U2bW
†
b +VbX
1†
b
) (
X1a +X
2
a
)
+
(
U1a +U
2
a
) (
U
1†
b Vb +W
†
bX
2
b
)]
+ 2
[
U2b
(
U1†a +U
2†
a
)
Vb +Vb
(
X1†a +X
2†
a
)
X2b
]
+VbTr
{[
U
1†
b
(
U1a +U
2
a
)
+
(
U1†a +U
2†
a
)
U2b
]
+
1
2
[
X
1†
b
(
X1a +X
2
a
)
+
(
X1†a +X
2†
a
)
X2b
]}
(10)
(4π)2 βWa|1−loop =
1
2
[(
WbW
†
b +V
T
b V
∗
b +X
1
bX
1†
b +X
2
bX
2†
b
)
Wa
+Wa
(
U
1†
b U
1
b +U
2†
b U
2
b +W
†
bWb
)]
+ 2
[
VTb V
∗
aWb +X
1
bV
†
aU
2
b +X
2
bV
†
aU
1
b
]
+WbTr
{
W
†
bWa +V
†
aVb
}
− 3g2 [WaCL2 (F ) +CR2 (F )Wa]
+
1
2
[(
WbU
2†
b +X
1
bV
†
b
) (
U1a +U
2
a
)
+
(
X1a +X
2
a
) (
V
†
bU
1
b +X
1†
b Wb
)]
+ 2
[
Wb
(
U1†a +U
2†
a
)
U1b +X
1
b
(
X1†a +X
2†
a
)
Wb
]
+WbTr
{[
U
2†
b
(
U1a +U
2
a
)
+
(
U1†a +U
2†
a
)
U1b
]
+
1
2
[
X
2†
b
(
X1a +X
2
a
)
+
(
X1†a +X
2†
a
)
X1b
]}
(11)
The last four lines of each of (10) and (11) do not contribute in the R-parity conserving
MSSM because each of U1a, U
2
a, X
1
a and X
2
a vanish for the values of a for which Va andWa
do not.
The quantities CL2 (F ) and C
R
2 (F ) that appear in Eq. (6)-(11) are the quadratic Casimirs
C2(F ) separated into contributions from left-handed, right-handed and Majorana fermions,
so that
C2(F ) = diag
(
CL2 (F ),C
R
2 (F ),C
M
2 (F )
)
.
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The traces that appear in (6)–(11) denote a sum over fermion types, which sometimes, but
not necessarily, are the trace over fermion flavours when we refer to the MSSM. Note also
that in the context of the MSSM, the index a may itself include a flavour (or even colour)
index, for instance when Φa = c˜L.
The reader may legitimately wonder what we have gained by writing the RGE which took
the much simpler-looking form (5) in the much more cumbersome-looking and definitely
much longer forms given by Eq. (6)-(11). The reasons for doing so are two-fold. First, many
authors are more familiar with the MSSM couplings written in four-component notation, so
that the longer four-component equations can be more directly used. Second, and perhaps
the more important reason is that much of the work that would be needed to obtain the
MSSM RGEs, even starting with the couplings in two-component notation, has already been
done when the RGEs are written in as in (6)-(11). The many terms that appear here are
indeed present in the MSSM RGEs (as we will see) and starting with the compact notation
of (5) only means that part of the work has to be repeated each time we use it to get the
RGE that we need.
Before closing this section, we remark that the RGEs for the dimensionless gauge cou-
plings and those for the dimensionless “Yukawa-like” couplings form a closed set, uncoupled
to the RGEs for the dimensionful parameters. Dimensionless quartic couplings of scalars
also do not enter these RGEs. Since we have made no assumption about supersymmetry,
this is true even with threshold effects included.4 In the next section, we turn to a dis-
cussion of how threshold effects are to be included in the MSSM RGEs. Of course, since
we want to work to two-loop accuracy, it suffices to include the threshold effects only in
the one-loop terms, which is the reason for our focus on the one-loop RGEs of a general
quantum field theory. We mention here that the authors of Ref. [14] and [22], which is
our starting point, use the MS renormalization scheme rather than the DR scheme better
suited for the analysis of radiative corrections in supersymmetric theories. We can, however,
use their general expressions (only for the one-loop part) to obtain our RGEs since there is
no scheme-dependence at this level. We can then augment these with the two-loop terms
(without threshold corrections) of the MSSM RGEs [15] to obtain two-loop accuracy in the
DR scheme.
4 Of course, in this case, information about the SUSY spectrum enters via the location of the thresholds.
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III. PARTICLE DECOUPLING
We are now equipped to derive the RGEs for the dimensionless couplings in any quantum
field theory with an arbitrary set of Dirac and Majorana spinor fields together with spin zero
fields (with non-trivial gauge quantum numbers) whose Lagrangian can be written in the
form (3). This is, as we have already noted, not the most general form for the Lagrangian
density since some field operators, such as mass terms for Dirac fermions or dimension
four operators of the form ΨMPLΨDΦ and ΨDPLΨMΦ
†, that do not occur in the MSSM
with R-parity conservation imposed have been omitted. Since (3) makes no reference to
supersymmetry, we can continue to use it even when SUSY is broken via the inclusion of SSB
terms. The procedure for obtaining the one-loop RGEs is now straightforward. We simply
write down the Lagrangian density for the MSSM, including the SSB terms consistent with
Lorentz and MSSM gauge symmetries and the assumed conservation of R-parity, compare
the dimensionless couplings with those in (3) to construct the matrices U1a, U
2
a,· · · ,Wa, and
then use (6)-(11) to get the required RGEs. This program has two complications that we
must take care of in its implementation. Although we have referred to these in Sec. I, it
does not hurt to repeat them here.
• For Q values above all SUSY thresholds, the effective theory is supersymmetric, and
couplings of SM particles are related by SUSY to corresponding sparticle couplings,
so that the particle and sparticle couplings evolve the same way. This is, however, not
necessarily the case below the SUSY thresholds. Then, while the β-function for say
the hypercharge gauge coupling still depends only on the hypercharge gauge coupling
(because of Ward identities, its one-loop evolution is governed by just the “vacuum po-
larization corrections”), the β-functions for the corresponding “Yukawa-like” couplings
g˜′f˜ of the bino to the fermion-sfermion pair will, in general, depend on gauge as well
as all “Yukawa” couplings, including those from super-potential interactions. There
is no principle that precludes this once supersymmetry is broken. However, above
all SUSY thresholds, this β function must reduce to that for the gauge coupling, so
that all dependence on super-potential Yukawa couplings must cancel. This provides
a non-trivial check on our formulae. Thus our system must be extended to include
the couplings g˜Φi as well as the couplings f˜
Φ
i the additional “Yukawa-like” couplings of
gauginos and higgsinos, respectively, which as we have noted become matrices in the
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flavour-space.
• To implement SUSY and Higgs particle thresholds, we need to have an idea of the
spectrum as well as the couplings in the corresponding mass basis. Of course, the exact
spectrum is only obtained after extracting the weak scale values of all SSB parameters,
and then diagonalizing the various mass matrices. Since the positions of the thresholds
only enter logarithmically in the solutions to the RGEs for the various gauge and
“Yukawa-like” couplings, it suffices to include these in a reasonable approximation.
Obviously, this entails rewriting the interactions in terms of the approximate mass
basis for the fields. A discussion of how we do so forms the subject of the remainder
of this section.
A. The Mass basis and MSSM thresholds
In addition to the sparticles of the SM, the MSSM includes squarks and sleptons, gluinos,
charginos and neutralinos, and the additional spin zero particles A, H and H± in its Higgs
sector. At a scale Q larger than the masses of all these particles, the RGEs are given by
those of the MSSM, and as we reduce Q, these morph into those of effective theories that
interpolate between the MSSM and the SM, and ultimately at the scale Q ∼ mt, reduce to
those of the SM, assuming that all sparticles and additional Higgs bosons are significantly
heavier than mt. This will serve as another check of our formulae.
Assuming for the moment that f˜L and f˜R are also approximate sfermion mass eigenstates,
i.e. that mixing among the sfermions is modest, decoupling the sfermions is straightforward.
Simply exclude any sfermion field (and all its couplings) in the effective theory at a scale
Q below its mass, and evaluate the RGEs using this truncated theory. The same is true
for gluinos which, being colour octets, cannot mix with any other fermion since SU(3)C is
unbroken. The decoupling of charginos, neutralinos and the additional Higgs bosons is more
complicated because these are frequently strongly mixed.
Our procedure for decoupling these fields is guided by the observation that threshold
effects that we are trying to evaluate are significant only if there are several well separated
mass scalesMi in the spectrum. If this is not the case, then we can decouple all the additional
particles at a common scale MSUSY, since any error would only be of O
(
1
16pi2
ln MSUSY
Mi
)
and
would → 0 as Mi →MSUSY.
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In the Higgs boson sector, threshold effects are, therefore, important only if the mass
scale of the additional bosons ≫ mh, in which case mA ≃ mH ≃ mH± ≫ mh < mt. We can
then decouple all the additional spin-zero bosons at a common scale that we take to be mH ,
below which h plays the role of the SM Higgs boson. To implement the decoupling, we must
rewrite the Lagrangian couplings in terms of the (approximate) mass eigenstates contained
in the SU(2) doublets5  G+
h
 = s
 h+u
h0u
+ c
 h−∗d
h0∗d
 (12)
 H+
H
 = c
 h+u
h0u
− s
 h−∗d
h0∗d
 , (13)
where the electrically neutral, complex fields h and H are given by,
h = h+iG
0√
2
H = −H+iA√
2
,
and s = sin β and c = cos β. Above Q = mH , the theory includes two Higgs doublets which
we may take to be hu and hd, or any two orthogonal combinations of these. However, at
Q = mH , it is specifically the doublet (13) that decouples, and the effective theory includes
just one spin-zero doublet which couples to quarks and leptons via Yukawa coupling matrices
λu = fu sin β, λd = fd cos β and λe = fe cos β, with these relations imposed at Q = mH .
For Q < mH , we will be interested in the evolution of the λi’s which are the couplings
of the doublet (12) that remains in the theory. We stress again that supersymmetry is
broken, and the decoupling of the second doublet makes no statement about the decoupling
of the corresponding higgsinos. The effective theory below Q = mH may or may not contain
higgsinos, depending on, as we will see next, the value of µ.
In the chargino-neutralino sector, threshold corrections are small if |µ| and the SSB
gaugino masses all have a magnitude ∼MZ , since their effects will then persist down to the
weak scale. Threshold effects are significant only when at least one of these is hierarchically
5 We use the notation of Ref. [3] where the left-chiral up-type Higgs superfield Hˆu transforms as a 2 of
SU(2), while the left-chiral down-type Higgs superfield transforms as a 2∗. The doublets that make up the
linear combinations in (12) and (13) both transform as a 2 of SU(2) and have a positive weak hypercharge.
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larger than the weak scale, in which case gaugino-higgsino mixing effects are small, and the
gaugino-higgsino mass eigenstates can be approximated by the bino, the wino-triplet and
the two Majorana higgsino doublet fields,6
h˜1,2 =
ψhd ∓ ψhu√
2
. (14)
To implement decoupling, we must rewrite interactions of gauginos and higgsinos in the basis
consisting of binos, winos and these two higgsino doublets. Above the scale of the higgsinos,
we could have worked with any two orthogonal linear combinations of the higgsino doublets,
whereas below Q = |µ|, both higgsinos decouple from the effective theory. We note here that
we have to perform different rotations in the spin-zero and spin-1
2
Higgs sectors to go to the
mass basis. This appears to be different7 from what has been done in the literature [19, 20].
There is one additional complication that enters when we rewrite the Lagrangian density in
the (approximate) “mass basis”. Some of the fermion fields have negative eigenvalues, and we
are led to make field re-definitions [3] Ψk → (iγ5)θkΨk, where θk = 0(1) if the corresponding
mass eigenvalue is positive (negative), on Majorana spinors to get their masses in canonical
form. While this introduces additional γ5’s and phases in the interactions, we have checked
the RGEs are independent of these, as may be expected since these RGEs do not depend
on the masses.
Finally, let us return to mixing effects in the sfermion sector. We have ignored these in our
analysis. For the squarks of the first two generations, flavour-physics constraints typically
restrict the size of inter-generation mixing effects (in the basis where the corresponding
quark Yukawa couplings are diagonal). There is, however, no principle that dictates intra-
generation mixing to be small, even though this is usually assumed to be the case for first and
second generation fermions in many models, while third generation sfermions are expected to
mix via their Yukawa couplings8. This said, barring large, accidental cancellations we would
expect that the physical sfermion masses are approximately of the same order, in which case
6 ψhu and ψhd are the fermionic components of the SU(2) doublet left-chiral superfields Hˆu and Hˆd.
Following Ref. [3], we denote the charged and neutral components of ψhu by (ψh+u , ψh0u) and of ψhd by
(ψh−
d
, ψh0
d
). ψh+u is a Majorana spinor whose left-chiral component destroys positively charged higgsinos,
while its right-chiral component destroys negatively charged higgsinos, and similarly for ψh−
d
.
7 We mention though that because we choose to decouple both higgsinos at the common scale |µ|, this
rotation of the higgsino fields is irrelevant for practical purposes.
8 Substantial intra-generational mixing may occur via the trilinear sfermion-fermion-Higgs boson SSB pa-
rameter which is, after all, independent of the corresponding super-potential Yukawa coupling.
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threshold effects from intra-generation mixing are not important, or the diagonal SSB terms
are themselves hierarchical so that the unmixed sfermions f˜L and f˜R are approximate mass
eigenstates, and can be decoupled at their physical masses.
IV. APPLICATION TO THE MSSM
A. Interactions
We now use the RGEs for the general quantum field theory that we obtained in Sec. II
to derive the RGEs for the dimensionless couplings of the R-parity conserving MSSM. In
the notation of Ref. [3], the superpotential for the MSSM is given by,
fˆ = µ˜HˆauHˆda + (fu)ijǫabQˆ
a
i Hˆ
b
uUˆ
c
j + (fd)ijQˆ
a
i HˆdaDˆ
c
j + (fe)ijLˆ
a
i HˆdaEˆ
c
j , (15)
while the SSB terms may be written as,
LSSB = −
{
u˜†Lk(m
2
Q)klu˜Ll + d˜
†
Lk(m
2
Q)kld˜Ll + u˜
†
Rk(m
2
U )klu˜Rl + d˜
†
Rk(m
2
D)kld˜Rl
+ ν˜†Lk(m
2
L)klν˜Ll + e˜
†
Lk(m
2
L)kle˜Ll + e˜
†
Rk(m
2
E)kle˜Rl
+m2Huh
0†
u h
0
u +m
2
Hu
h+†u h
+
u +m
2
Hd
h0†d h
0
d +m
2
Hd
h−†d h
−
d
}
+
{
u˜†Rk(a
T
u )klu˜Llh
0
u − u˜†Rk(aTu )kld˜Llh+u + d˜†Rk(aTd )kld˜Llh0d
+d˜†Rk(a
T
d )klu˜Llh
−
d + e˜
†
Rk(a
T
e )klν˜Llh
−
d + e˜
†
Rk(a
T
e )kle˜Llh
0
d + h.c.
}
− 1
2
[
M1λ¯0λ0 +M2λ¯pλp +M3 ¯˜gAg˜A
]
− i
2
[
M ′1λ¯0γ5λ0 +M
′
2λ¯pγ5λp +M
′
3
¯˜gAγ5g˜A
]
+
{
b(h+u h
−
d + h
0
uh
0
d) + h.c.
}
.
(16)
where the matrix indices i, j, · · · label the (s)particle flavours. The sfermion mass squared
matrices m2Q, m
2
U , . . . are Hermitian, whereas the Yukawa coupling matrices fu,d,e that
appear in the superpotential, as well as the trilinear SSB scalar coupling matrices au,d,e have
no hermiticity or symmetry property. Finally, the gaugino mass parameters Ma and M
′
a are
real, while the SSB Higgs mass parameter may, in general, be complex. Since the RGEs
for the dimensionless couplings do not depend on any dimensionful parameters, we do not
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really need LSSB for their derivation. The SSB parameters only enter the analysis in that
they determine the positions of the various thresholds.
In order to be able to compare our results (above all thresholds) with the standard results
already in the literature [15–18] we need the following conversion between the notation used
here and that in Ref. [15]: f ≡ YT , a ≡ −hT , b ≡ −B. Moreover the complex gaugino mass
parameters (Ma) in Ref. [15] are equivalent to Ma − iM ′a in (16).
It is clear that in order to obtain the RGEs, we need to extract the various matrices
U
1,2
Φ , X
1,2
Φ , VΦ and WΦ, whose elements are the couplings between the various scalars, Φ,
and fermions of the MSSM. Thus fermion-fermion-scalar interactions play an important role
in our derivation. The interactions of quarks and squarks with Higgs bosons and higgsinos
may be obtained from the superpotential, and are given by,
L ∋ − [u¯j(fu)Tjih0uPLui − u¯j(fu)Tjih+uPLdi + d¯j(fd)Tjih−d PLui + d¯j(fd)Tjih0dPLdi
+e¯j(fe)
T
jih
−
d PLνi + e¯j(fe)
T
jih
0
dPLei + h.c.
]
−
[
Ψ¯h0uu˜
†
Rj(f˜
uR
u )
T
jiPLui + u¯j(f˜
Q
u )
T
jiu˜LiPLΨh0u − Ψ¯h+u u˜†Rj(f˜uRu )TjiPLdi − u¯j(f˜Qu )Tjid˜LiPLΨh+u
+ Ψ¯h−d
d˜†Rj(f˜
dR
d )
T
jiPLui + d¯j(f˜
Q
d )
T
jiu˜LiPLΨh−d
+ Ψ¯h0d d˜
†
Rj(f˜
dR
d )
T
jiPLdi + d¯j(f˜
Q
d )
T
jid˜LiPLΨh0d
+ Ψ¯h−d
e˜†Rj(f˜
eR
e )
T
jiPLνi + e¯j(f˜
L
e )
T
jiν˜LiPLΨh−d
+ Ψ¯h0d e˜
†
Rj(f˜
eR
e )
T
jiPLei + e¯j(f˜
L
e )
T
jie˜LiPLΨh0d
+h.c.]
(17)
We have written these interactions with a left chiral projector sandwiched between the four-
component spinors to facilitate comparison with Eq. (3). Notice that the couplings of matter
fermions to Higgs bosons are denoted the same way as the superpotential Yukawa matrices.
In contrast, we have denoted the couplings of the fermion-sfermion system by a matrix with
a twiddle on it, labelled by the scalar that enters the corresponding interaction. Above
the scale of all particles and Higgs boson thresholds, the effective theory is the MSSM and
these f˜Φ couplings are the same as the corresponding superpotential couplings f , but may
be different below this scale. For instance, if |µ| < mH , the low energy theory just below
Q = mH contains two higgsinos, but just the one scalar doublet in (12). The effective theory
below Q = mH then contains only the couplings λu,d,e along with the couplings f˜
Φ
u,d,e, but
no fu,d,e. As we will see the evolution of f˜
Φ
u,d,e differs from the “would-have-been” evolution
of fu,d,e for this range of Q.
The remaining fermion-fermion-scalar interactions are those with the gauginos, and are
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given by,
L ∋ − 1√
2
(u˜†Lj, d˜†Lj)GQPL
 ui
di
+ (ν˜†Lj , e˜†Lj)GLPL
 νi
ei

+u¯j(g˜
′uR)ji(−43)u˜RiPLλ0 + d¯j(g˜′dR)ji(23)d˜RiPLλ0 + e¯j(g˜′eR)ji(2)e˜RiPLλ0 + h.c.
}
−
√
2
{
(g˜q˜Ls )ji(−i)θg˜ q˜†Lj ¯˜gA λA2 PLqi − (g˜q˜Rs )ji(−i)θg˜ q¯j λA2 PLg˜Aq˜Ri + h.c.
}
− 1√
2
(h+†u , h0†u )GhuPL
 Ψh+u
Ψh0u
 + (h−†d , h0†d )GhdPL
 Ψh−d
Ψh0d
+ h.c.
 ,
(18)
where we have defined the following matrices:
GQ =
 (g˜Q)jiλ¯3 + 13(g˜′Q)jiλ¯0 (g˜Q)ji (λ¯1 − iλ¯2)
(g˜Q)ji
(
λ¯1 + iλ¯2
) −(g˜Q)jiλ¯3 + 13(g˜′Q)jiλ¯0
 (19)
GL =
 (g˜L)jiλ¯3 − (g˜′L)jiλ¯0 (g˜L)ji (λ¯1 − iλ¯2)
(g˜L)ji
(
λ¯1 + iλ¯2
) −(g˜L)jiλ¯3 − (g˜′L)jiλ¯0
 (20)
Ghu =
 g˜huλ¯3 + g˜′huλ¯0 g˜hu (λ¯1 − iλ¯2)
g˜hu
(
λ¯1 + iλ¯2
) −g˜huλ¯3 + g˜′huλ¯0
 (21)
Ghd =
 −g˜hdλ¯3 − g˜′hdλ¯0 g˜hd (−λ¯1 − iλ¯2)
g˜hd
(−λ¯1 + iλ¯2) g˜hdλ¯3 − g˜′hdλ¯0
 . (22)
Here, λ0 and λp denote the (Majorana) hypercharge and SU(2) gauginos. Just as the
higgsino couplings in (17) may differ from the corresponding Higgs boson couplings, below
the various thresholds the effective theory is no longer supersymmetric, and the couplings
of gauginos may deviate from the corresponding gauge boson couplings. Moreover, unlike
gauge couplings, the renormalization of these fermion-fermion-scalar interactions depends
also on the couplings f and f˜Φ, so that the g˜Φ’s can acquire a non-trivial flavour structure,
as allowed for in (18) above. Above the scale of the highest thresholds, however, the RGEs
for these g˜Φ-type couplings must coincide with those for the gauge couplings (in the matrix
sense).
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B. Gauge Coupling RGEs
The one-loop RGEs for gauge couplings (including threshold effects) are well known. We
will, however, write these for completeness. As explained in Sec. I, we will decouple particles
using the “step approximation” [19, 20]. Toward this end, for any particle P, we define
θP = 1 if Q > MP ,
0 if Q < MP .
Throughout this paper, we will assume that Q > mt so that the SU(2) gauge symmetry is
unbroken in the effective theory, and that there are three matter generations. Applying (1)
for the MSSM particle content, and using
Nf˜ =
3∑
i=1
θf˜i ,
leads to the familiar gauge coupling RGEs,
(4π)2 βg1|1−loop =g31
[
4 +
1
30
NQ˜ +
4
15
Nu˜R +
1
15
Nd˜R +
1
10
NL˜ +
1
5
Ne˜R
+
1
10
(θh + θH) +
1
5
(
θh˜1 + θh˜2
)] (23)
(4π)2 βg|1−loop =g3
[
−22
3
+ 4 +
1
2
NQ˜ +
1
6
NL˜ +
1
6
(θh + θH) +
1
3
(
θh˜1 + θh˜2
)
+
4
3
θW˜
]
(24)
(4π)2 βgs|1−loop =g3s
[
4 +
1
3
NQ˜ +
1
6
Nu˜R +
1
6
Nd˜R + 2θg˜ − 11
]
. (25)
Here, g1 is the scaled hypercharge gauge coupling that unifies with the SU(2) and SU(3)
couplings when the MSSM is embedded in a GUT: g′2 = 3
5
g21. We mention that although we
have shown two distinct higgsino thresholds above, since we are working in the approximation
that both higgsinos have the mass |µ|, we will from now on write
θh˜ = θh˜1 = θh˜2 .
C. RGEs for Yukawa and Yukawa-type Couplings
Turning now to the RGEs for fermion-fermion-scalar couplings, we see that there is a
large number of such “Yukawa-type” couplings in the Lagrangian. These are: the usual
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Yukawa couplings to Higgs bosons, fu, fd, and fe; the couplings of higgsinos to the various
fermion-sfermion pairs, f˜Qu , f˜
Q
d , f˜
L
e , f˜
uR
u , f˜
dR
d , f˜
eR
e ; hypercharge gaugino couplings, g˜
′Q, g˜′L,
g˜′uR, g˜′dR, g˜′eR, g˜′hu, g˜′hd; the SU(2) gaugino couplings, g˜Q, g˜L, g˜hu, g˜hd; and finally, the
gluino couplings, g˜Qs , g˜
uR
s , g˜
dR
s . While the RGEs for the gauge couplings still form a closed
set, those for the usual matter fermion Yukawa couplings do not. It is only the RGEs for
all these fermion-fermion-scalar couplings that together with those for the gauge couplings
form a closed system. These new couplings must coincide with the corresponding gauge or
usual Yukawa coupling in the SUSY limit, i.e. above the scale of the highest threshold. This
serves as the boundary condition for the RGEs for these new couplings.
To implement decoupling of particles as described in Sec. III, we must construct the
matrices U1Φ, U
2
Φ, VΦ, WΦ, X
1
Φ and X
2
Φ, for all Φ, in the (approximate) mass basis for the
various fermion fields. We choose this basis to comprise of the Dirac fermions {ui, di, νi, ei}
together with the Majorana fermions {h˜01, h˜02, h˜±1 , h˜±2 , λ0, λ1, λ2, λ3, g˜A}. Here, h˜01,2 and h˜±1,2
are the neutral and charged components of the Majorana spinor h˜1,2 introduced in (14).
9
The subscript i (which runs from 1 to 3) for the Dirac fermions is a flavour index which can
be suppressed if the Yukawa terms are written as matrices in flavour space. This means that
in the MSSM, U1Φ and U
2
Φ will be (4 × 4) blocks of (3 × 3) matrices when Φ is one of the
Higgs bosons in (12) or (13). Similarly, since flavour is carried by the sfermion scalar index,
Φ = f˜i, Vf˜i will be a (4 × 9) matrix where the number of rows can be further expanded to
show each of the three matter fermion flavours. Likewise, Wf˜i a (9 × 4) matrix where now
the number of columns can be similarly expanded to exhibit these flavours. Thus, when
fully written out, Vf˜i is a (12 × 9) matrix, while Wf˜i is a (9 × 12) matrix; see (29)–(32).
Finally, X1Φ and X
2
Φ will both be (9× 9) matrices.
Within the MSSM with R-parity conservation, the matrices U1,2Φ and X
1,2
Φ are non-zero
only for Φ = {h,H, G+, H+}. They can be readily worked out by comparing (3) with the
MSSM Yukawa interactions in (17). It would take up too much space to display each of
these matrices explicitly, so we will only present one example for each type of matrix. If
9 As already mentioned, since we are working with a common threshold for higgsinos, we could have stayed
in the original basis. We will see below that performing this rotation (by an arbitrary angle) gives us
another check on our procedure. We also draw attention to the fact that we have combined the higgsinos
of the 2 and 2∗ representations, so that although h˜±
1,2 are Majorana spinors, their chiral components do
not annihilate a definite sign of the charge.
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Φ = h we have,
U2
h
=

0 0 0 0
0 cfTd 0 0
0 0 0 0
0 0 0 cfTe
 , (26)
where we use a bold-type 0 to indicate a (3 × 3) matrix in flavour space whose entries are
all zero. The corresponding U1
h
matrix has its only non-vanishing entry in the (1, 1) block.
The matrix X2
h
takes the form,
X2
h
=
1
2
 0(4×4) X 2h
X
2T
h
0(5×5)
 , (27)
where
X
2
h
=

−sg˜′hu 0 0 sg˜hu 0
sg˜′hu 0 0 −sg˜hu 0
0 −sg˜hu −isg˜hu 0 0
0 sg˜hu isg˜hu 0 0
 . (28)
The eight X1Φ and X
2
Φ matrices can be obtained from (18) in conjunction with (21) and (22).
The reader will need to write these as symmetric matrices using the symmetry properties of
Majorana spinor bilinears. Note that all the entries in the last row and last column of these
matrices are zero because the Higgs boson has no coupling to gluinos.10 It is also clear from
the MSSM Lagrangian that X1Φ contains only the g˜
′hd and g˜hd couplings, while X2Φ contains
only g˜′hu and g˜hu.
The VΦ and WΦ matrices, on the other hand, are non-zero only for Φ =
{u˜L, d˜L, e˜L, ν˜L, u˜R, d˜R, e˜R}. From the interactions in (17) and (18) we can see that for left-
handed sfermions, Vf˜ contains just f˜
Φ-type couplings while Wf˜ contains only g˜
Φ-type cou-
plings. The opposite is the case for the right-handed sfermions. In the case where f˜ = u˜Li,
we have
Vu˜Li =
1√
2
 V u˜Li 0(6×5)
0(6×4) 0(6×5)
 , (29)
10 We have suppressed the colour index which would otherwise expand the last row/column.
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with
V u˜Li =
 −(f˜Qu )T•i (f˜Qu )T•i 0(3×1) 0(3×1)
0(3×1) 0(3×1) (f˜
Q
d )
T
•i (f˜
Q
d )
T
•i
 . (30)
As alluded to above, since the scalar labels on Vf˜ and Wf˜ carry sfermion flavour, we need
to be careful when writing these if we choose not to expand out the matter fermion flavour.
Here we denote this suppressed quark flavour index by the •, so that (f˜Qu )T•i is really a (3×1)
column matrix (since the index i is fixed by the squark flavour). Similarly
Wu˜Li =
1√
2
 0(4×6) 0(4×6)
W u˜Li 0(5×6)
 , (31)
with
W u˜Li =

1
3
(g˜′Q)i• 0(1×3)
0(1×3) (g˜Q)i•
0(1×3) −i(g˜Q)i•
(g˜Q)i• 0(1×3)
2(λA
2
)(g˜Qs )i• 0(1×3)

. (32)
Notice that the positions of the suppressed fermion index and the (fixed) sfermion flavour
index, i, are swapped between the matrices (30) and (32). Once again, we have suppressed
the colour index on the quark (and squark) field. Also note that the entry from couplings
to the gluino enter only via the Wf˜ matrix for q˜L, and only via the Vf˜ matrix for q˜R, for
all flavours of squarks.
We are now ready to proceed with the derivation of the RGEs. Before we begin our real
derivation, we perform a pedagogical exercise to facilitate comparison with earlier literature
and also provide checks on our procedure. Since earlier studies did not make the distinction
between couplings of quarks to gauge and Higgs bosons (or g’s and f ’s) and the corresponding
couplings (g˜’s and f˜ ’s) of the quark-squark system to the gauginos and higgsinos, we first
derive the RGE for (sfu) without separating out f˜ ’s and g˜’s from f ’s and g’s, respectively. It
is also instructive to illustrate the additional complexity that results from keeping distinct
thresholds for A, H and H±, and an arbitrary rotation angle for the higgsinos instead of
the 45◦ rotation used in (14); i.e.
Ψh˜0
1
= (iγ5)
θ1(c′Ψh0d − s
′Ψh0u) , Ψh˜02 = (iγ5)
θ2
(
s′Ψh0d + c
′Ψh0u
)
, (33)
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and
Ψh˜±
1
= (iγ5)
θ1(c′Ψh−d − s
′Ψh+u ) , Ψh˜±2 = (iγ5)
θ2
(
s′Ψh−d + c
′Ψh+u
)
, (34)
where s′ = sin β ′ (set equal to β in Ref. [19]) so that the rotation is by an independent angle
to the scalars. The factors (iγ5)
θ1,2 allow for the possibility that either higgsino could have
had a negative mass eigenvalue, as noted below (14). As we saw earlier, the RGE is not
dependent on where or whether we include the (iγ5)
θ factors. We stress again that we do
not mean the equation that immediately follows to be the correct RGE, but write it only
to facilitate comparison, and to illustrate some issues. Ignoring the separation of twiddle
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terms on the couplings in the Lagrangian we find,
(4π)2
d(sfu)ij
dt
=
3s
2
[
s2
3
(θh + θG0 + θG+) +
c2
3
(θH + θA + θH+)
]
(fuf
†
ufu)ij
+
s
2
[{
s′2
(
θh˜0
1
+ θh˜±
1
)
+ c′2
(
θh˜0
2
+ θh˜±
2
)}
θQ˜k(fuf
†
u)ik(fu)kj
+
{
s′2θh˜0
1
+ c′2θh˜0
2
}
θu˜k(fu)ik(f
†
ufu)kj
]
+ s
[
s2 (θh − θG0) + c2 (θH − θA)
]
(fuf
†
ufu)ij
+
s
2
[
c2θG+ + s
2θH+ − 4c2 (θG+ − θH+)
]
(fdf
†
dfu)ij
+
s
2
[{
c′2θh˜±
1
+ s′2θh˜±
2
}
θd˜k(fd)ik(f
†
dfu)kj
]
+ s(fu)ij
[
3
(
s2θh + c
2θH
)
Tr{f †ufu}+ c2 (θh − θH)Tr{3f †dfd + f †e fe}
]
− (fu)ij
[
3
5
g21
{
s
17
12
− s
(
1
36
θQ˜j +
4
9
θu˜i
)
θB˜
−
(s
2
[
(s′s+ c′c)2θh˜0
1
+ (s′c− c′s)2θh˜0
2
]
θh
+
c
2
(s′c− c′s) (s′s+ c′c)
(
θh˜0
1
− θh˜0
2
)
θH
+
[
s′ (s′s+ c′c) θh˜0
1
− c′ (s′c− c′s) θh˜0
2
]{1
3
θQ˜j −
4
3
θu˜i
})
θB˜
}
+ g22
{
s
9
4
− s3
4
θQ˜jθW˜ −
(s
2
[
(s′s+ c′c)2θh˜0
1
+ (s′c− c′s)2θh˜0
2
+2
(
s′2s2 + c′2c2
)
θh˜±
1
+ 2
(
s′2c2 + c′2s2
)
θh˜±
2
]
θh
+
c
2
[
(s′c− c′s) (s′s+ c′c)
(
θh˜0
1
− θh˜0
2
)
+2sc
(
s′2 − c′2) (θh˜±
1
− θh˜±
2
)]
θH
−
[
s′ (s′s+ c′c) θh˜0
1
− c′ (s′c− c′s) θh˜0
2
+2s
(
s′2θh˜±
1
+ c′2θh˜±
2
)]
θQ˜j
)
θW˜
}
+g23
{
8s− s4
3
(
θQ˜j + θu˜i
)
θg˜
}]
(35)
A sum over repeated flavour indices k, l, . . . is implied including over those with three re-
peated indices, one of which is a θq˜k , e.g. θQ˜k(fuf
†
u)ik(fu)kj on line two. Several comments
are worth noting.
• In writing the RGE as in (35) where we have ignored the differences between the usual
gauge/Yukawa couplings and their twiddle counterparts, we have retained distinct
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thresholds for each of the Higgs bosons as well as for the higgsinos. This is partly to
facilitate comparison with Ref. [19], and partly to indicate the origins of the various
terms.
• We see that if we take the MSSM limit, where all the θ’s are set equal to unity, we
recover the usual, well known MSSM RGE [15–18]. This is evident if the rotation angle
that defines the doublets in (12) and (13) is treated as a scale independent parameter.
In this case, the right-hand-side of (35) is proportional to sin β which cancels out
leaving the MSSM RGE for fu.
11 Notice also that in the MSSM limit, the dependence
on the higgsino rotation angle, β ′, also disappears as it must.
• If, on the other hand, we set all the θ’s other than θh, θG0 and θG+ to zero, the theory
includes just the SM fermions, gauge bosons and the single Higgs doublet (12), that
couples to SM quarks and leptons via the coupling matrices λu = fu sin β, λd = fd cos β
and λe = fe cos β. It is then easy to see that we recover the relevant RGE for the
Yukawa couplings in the SM [24]. Indeed, all dependence on the f ’s in (35) disappears
in favour of dependence on the SM λ’s.
• Since SU(2)L remains a symmetry of the theory at low energy, we should expect that
the couplings related to one another by SU(2)L should have the same RGE. We have
checked that this is indeed the case, but only if we set a common value for all the heavy
Higgs boson thresholds, and an independent common value for the higgsino thresholds.
This should not be surprising since any splitting between the extra Higgs bosons, or
between the higgsinos, is an SU(2)L breaking effect (and would entail introducing
even more couplings into the low energy theory). We do not regard as reliable those
terms in (35) that come from SU(2) breaking effects because we are then using an
inconsistent approximation.
• Below the mass scale of the heavy Higgs bosons we may expect that since there is just
11 If instead we consider scale-dependent rotations, then the rotated fields themselves have an explicit scale
dependence. The RGEs in Ref. [14, 22] that were our starting point assume, of course, no such scale
dependence of fields. However, we know that above all thresholds, the rotation (which is merely a field
redefinition) cannot change the RGEs. In other words, there must be additional compensating terms in
the RGEs which effectively allow us to take the sinβ out of the derivative on the left-hand-side, so the
RGE once again reduces to the MSSM RGE.
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one Higgs boson doublet in the theory, only the λu,d,e couplings enter. We can easily
see that this is not the case if higgsinos are lighter than mH . There will still be two
higgsino doublets in the low energy theory, and these couple via the matrices f˜Φu,d,e
(notice the twiddle on the f).
• We have compared (35) using a common threshold for the higgsinos with the corre-
sponding RGE in Ref. [19]. We find agreement for all but the terms involving SU(2)L
and U(1)Y gauge couplings. We find,
(4π)2
d(sfu)ij
dt
∋ −s(fu)ij
[
3
5
g21
{
17
12
−
(
1
36
θQ˜j +
4
9
θu˜i
)
θB˜
−
(
1
2
θh +
1
3
θQ˜j −
4
3
θu˜i
)
θh˜0
1
θB˜
}
+g22
{
9
4
− 3
4
θQ˜jθW˜ −
(
3
2
θh − 3θQ˜j
)
θh˜0
1
θW˜
}]
,
to be contrasted with [19],
(4π)2
d(sfu)ij
dt
∋ −s(fu)ij
[
3
5
g21
{
17
12
+
3
4
θh˜0
1
−
(
1
36
θQ˜j +
4
9
θu˜i +
1
4
θh˜0
1
)
θB˜
}
+g22
{
9
4
+
9
4
θh˜0
1
− 3
4
(
θQ˜j + θh˜01
)
θW˜
}]
.
There is a similar point of disagreement in the RGEs for the down-type Yukawa
RGEs.12
• We found it difficult to perform a corresponding comparison with Ref. [20] where there
the RGEs appear to be written without doing any rotation of the Higgs fields, so that
we could not abstract the relationship between the Higgs bosons h, A, H and H±, and
the thresholds that appear in their RGE. For the same reason, we could not see how
to reduce this RGE to the SM RGE below the scale of all sparticles and heavy Higgs
bosons. The MSSM limit is, however, correctly obtained.
We reiterate that (35) is not the correct RGE to use. If we derive this RGE keeping the
distinction between gi and g˜
Φ
i and between fu,d,e and f˜
Φ
u,d,e, and independently set common
thresholds for the heavy Higgs scalars (θH) and the higgsinos (θh˜), along with a common
12 The SM as well as the MSSM limits come out right. Since an even number of SUSY particles couple at
any vertex, we do not, however, understand how θh˜i could enter without being multiplied by a second θ
for another SUSY particle.
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threshold at mh for the “light higgs doublet” (θh), we find that the RGE for the coupling of
the up-type quarks to Higgs bosons becomes,
(4π)2
d(sfu)ij
dt
=
s
2
{
3
[
s2θh + c
2θH
]
(fuf
†
u)ik +
[
c2θh + s
2θH
]
(fdf
†
d)ik
+4c2 [−θh + θH ] (fdf †d)ik
}
(fu)kj
+ s(fu)ik
[
θh˜θQ˜l(f˜
Q
u )
†
kl(f˜
Q
u )lj +
4
9
θB˜θu˜l(g˜
′uR)∗kl(g˜
′uR)Tlj +
4
3
θg˜θu˜l(g˜
uR
s )
∗
kl(g˜
uR
s )
T
lj
]
+
s
4
[
2θh˜θu˜k(f˜
uR
u )ik(f˜
uR
u )
†
kl + 2θh˜θd˜k(f˜
dR
d )ik(f˜
dR
d )
†
kl + 3θW˜ θQ˜k(g˜
Q)Tik(g˜
Q)∗kl
+
1
9
θB˜θQ˜k(g˜
′Q)Tik(g˜
′Q)∗kl +
16
3
θg˜θQ˜k(g˜
Q
s )
T
ik(g˜
Q
s )
∗
kl
]
(fu)lj
+ sθh˜θQ˜k
[
−3θW˜ (g˜hu)∗(g˜Q)Tik +
1
3
θB˜(g˜
′hu)∗(g˜′Q)Tik
]
(f˜Qu )kj
− 4
3
sθB˜θh˜θu˜k(g˜
′hu)∗(f˜uRu )ik(g˜
′uR)Tkj
+ s(fu)ij
[(
s2θh + c
2θH
)
Tr{3f †ufu}+ c2 (θh − θH) Tr{3f †dfd + f †e fe}
]
+
s
2
θh˜(fu)ij
{
3θW˜
[∣∣g˜hu∣∣2 (s2θh + c2θH)+ ∣∣g˜hd∣∣2 (c2θh − c2θH)]
+θB˜
[∣∣g˜′hu∣∣2 (s2θh + c2θH)+ ∣∣g˜′hd∣∣2 (c2θh − c2θH)]}
− s(fu)ij
[
17
12
g′2 +
9
4
g22 + 8g
2
3
]
(36)
Here, as with (35) and in all the RGEs that follow, including those in the Appendix, repeated
flavour indices k, l, . . . are summed over, including indices repeated thrice, once in a θ and
twice in couplings.
It is easy to see the reduction to the MSSM, and as before, to the SM RGE for the Yukawa
coupling matrix λu. Indeed, for Q < mH , this RGE becomes the RGE for the coupling,
λu = sin β fu, of up-type quarks to the light Higgs doublet in (12), even if higgsinos, gauginos
or matter sfermions remain in the low energy theory. The factors of sin β and cos β in the first
pair of curly parentheses can clearly be absorbed to turn all the f ’s into the corresponding
λ’s. This is not, however, true in the next set of terms in square brackets where there is just
one factor of sin β that combines with the (fu)ik outside the square bracket to yield (λu)ik.
Notice, however, that the remaining couplings on this line have twiddles on them, and do not
correspond to the quark-quark-gauge/Higgs boson couplings. Indeed, it is interesting to see
that we get just the right powers of sin β and cos β on the right-hand-side for all the MSSM
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couplings of matter fermions to Higgs bosons to reduce to those of the SM when all θ’s other
than θh vanish. Notice also that the g˜ couplings have a non-trivial matrix structure. Since
it is these couplings (and not the corresponding gauge boson couplings) that directly enter
the decays of squarks and sleptons, it behooves us to keep careful track of these in a study
of flavour-physics of sparticles.
While it is straightforward to derive the MSSM RGEs starting from the general forms
in (6)–(11), we reiterate that the reader should keep clear the distinction between the use
of i, j, . . . as fermion field type indices in the general form from their use as flavour indices
in the MSSM RGEs such as (36). Thus, in contrast to the trace in (36), the trace in (6)
refers to a sum over the fermion field types, not just flavour. This means that not all trace
terms in (6)–(11) lead to a trace in the RGEs of the MSSM, and further, sometimes the
trace in the MSSM RGEs may originate in terms that are not traces in the general RGEs.
We illustrate this with some examples. For instance, in the derivation of (36), starting from
(6):
• Since the matrix indices j, k on (U1a)jk and (U2a)jk denote Dirac fermion type and
flavour, there will be a different matrix index for each quark and lepton flavour. As a
result the term U1bTr{U1†b U1a+U2†a U2b} in (6) leads to the trace over flavours found in
(36).
• The matrix indices in (X1a)jk and (X2a)jk refer to Majorana fermions, and so do not
carry any flavour. Tracing over these in (6) can, therefore, never lead to a trace in the
MSSM RGEs. This trace term results in the term that immediately follows the trace
term in (36).
• The situation is also different for the (Va)jk and (Wa)jk in (6). For Va, flavour is
located in the a and j indices and forWa in the a and k indices. When there is a sum
over squarks or sleptons (i.e. a sum over the scalar index), we include a θq˜i, where i
is a flavour index, to keep only the active sfermions at that scale. This means that we
can keep usual matrix multiplication with the proviso that the contribution from each
squark flavour is associated with a different θ. For example, the sum over left-handed
squarks in 2VbX
2†
a Wb leads to −3sθh˜θQ˜kθW˜ (g˜hu)∗(g˜Q)Tik(f˜Qu )kj.
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As a different example, consider the RGE for (g˜′uR) derived using (10):
(4π)2
d(g˜′uR)ij
dt
=
[
s2θh + c
2θH
]
(fTu f
∗
u)ik(g˜
′uR)kj
+
[
4
9
θB˜θu˜k(g˜
′uR)ik(g˜
′uR)†kl +
4
3
θg˜θu˜k(g˜
uR
s )ik(g˜
uR
s )
†
kl
+θh˜θQ˜k(f˜
Q
u )
T
ik(f˜
Q
u )
∗
kl
]
(g˜′uR)lj
+
1
2
θB˜(g˜
′uR)ij
[
1
3
θQ˜l(g˜
′Q)†kl(g˜
′Q)lk + θL˜l(g˜
′L)†kl(g˜
′L)lk +
8
3
θu˜k(g˜
′uR)†kl(g˜
′uR)lk
+
2
3
θd˜k(g˜
′dR)†kl(g˜
′dR)lk + 2θe˜k(g˜
′eR)†kl(g˜
′eR)lk
]
+
1
2
θB˜θh˜(g˜
′uR)ij
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2}
− 3θB˜θh˜
[
s2θh + c
2θH
]
g˜′hu(fu)
T
ik(f˜
uR
u )
∗
kj
− θh˜θQ˜k(f˜Qu )Tik(g˜′Q)kl(f˜uRu )∗lj + 2θh˜θu˜k(g˜′uR)ik(f˜uRu )Tkl(f˜uRu )∗lj
+ θu˜k(g˜
′uR)ik
[
8
9
θB˜(g˜
′uR)†kl(g˜
′uR)lj +
8
3
θg˜(g˜
uR
s )
†
kl(g˜
uR
s )lj
]
− (g˜′uR)ij
[
4
3
g′2 + 4g23
]
(37)
Here, the terms involving a trace over flavours may not be immediately evident. One such
trace term, found on line four, is
1
2
θB˜(g˜
′uR)ij
[
1
3
θQ˜l(g˜
′Q)†kl(g˜
′Q)lk
]
,
in which the trace is not explicitly written since we need to keep information about the
position of the squark thresholds. We point out the following:
• The terms involving the trace over flavours in (37) do not originate from the trace
term in (10). The trace in (37) can only originate when the external quark and squark
flavour indices on the left-hand side occur in the same Va or Wa matrix on the right-
hand side. We see upon inspection this is the case only for the term in the second line of
(10), which necessarily leads to the trace over flavours in (37). An analogous discussion
applies to the derivation of the RGE for, say g˜′Q, starting from Eq. (11). Note also
that when we are checking reduction to the MSSM, gaugino coupling matrices such as
(g˜′uR) reduce to (g′ × 1), so that we obtain an extra factor of three when we take a
trace over the flavours.
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• When inserting thetas, we must, of course, only put thetas which correspond to
summed internal indices. To obtain, for example, the term −θh˜θQ˜k(f˜Qu )Tik(g˜′Q)kl(f˜uRu )∗lj,
which comes from 2VbW
∗
aW
T
b in (10), where we have picked out the left-handed
squarks in the sum over b, we insert a θQ˜k , with k summed over squark flavours. Sim-
ilarly, we insert a θh˜ which comes from picking out the higgsino terms in the sum over
Majorana fermions.13 Finally, even though we have f˜uRu in our example term, there is
no θu˜ because the u˜R squark is the same as the one which appears on the left-hand
side, and hence is necessarily an active squark.
• In the 1-loop RGEs for g˜uRs , g˜dRs and g˜Qs there are no contributions from X1 or X2,
which is to be expected since, as mentioned before, the Higgs boson does not couple
to the gluino.
• Special care must be taken when considering interactions with gluinos to correctly
evaluate the sum over colours. For example, the RGE for g˜uRs has some terms which
may initially seem to lead to a trace which includes g˜′uR. However, the term in question
is
∼ δdc(λA
2
)cd(g˜
′uR)†kl(g˜
uR
s )lk ,
where l, k are flavour indices and c, d are colour indices. This term is clearly zero,
since Tr{λA
2
} = 0.
The RGEs for all the dimensionless couplings can be similarly obtained. We list these in
the Appendix.
V. SOLUTIONS TO THE RGES AND FLAVOUR VIOLATION IN THE MSSM
Since our ultimate goal is to examine flavour-violation in sparticle interactions, and in
sparticle decays in particular, we are naturally led to examine the flavour structure of various
couplings, renormalized at the scale of the sparticle mass, i.e at scales Q typically between
∼ 100 GeV and a few TeV.
13 We also sum over quark flavours, l, but there is no corresponding theta since we are always working at
scales above mt. Therefore, all quarks are active over the whole range of validity of our RGEs.
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The couplings of neutral gauge bosons remain flavour-diagonal under renormalization
group evolution even at higher loops since any inter-generation couplings would violate
current conservation. This does not mean that their evolution is independent of Yukawa
couplings: Yukawa couplings can, and do, enter the evolution of gauge couplings via two-
loop contributions to the RGEs, but only as a “flavour-blind trace”. As a result of this, and
the fact that the charged current weak interaction only couples to the left-handed fermions
and their superpartners, inter-generation couplings in the charged current weak-interaction
are completely determined by the Kobayashi-Maskawa [26] (KM) matrix.
We thus turn to an examination of the flavour structure of fermion-fermion-scalar in-
teractions. These include the familiar Yukawa couplings of quarks with Higgs bosons, as
well as the couplings of the quark-squark system with gluinos, charginos and neutralinos.
Although we will confine ourselves to the quark/squark sector, our considerations readily
extend to the lepton sector. In this case, however, the MSSM would need to be extended to
include effects from the flavour structure of the singlet neutrino/sneutrino mass matrix and
interactions.
It may appear simplest to work in a basis where the Yukawa coupling matrices in (17) are
diagonal at one chosen scale, so that quarks are mass eigenstates, rather than in the “current
quark basis” which we have used to write the superpotential (15) and the interactions (16)
– (18) as well as the RGEs. The two bases are related by the transformations,
VL(u)u
M
L = uL, VL(d)d
M
L = dL; (38)
VR(u)u
M
R = uR, VR(d)d
M
R = dR
where the unitary matrices VL(u) and VR(u) [VL(d) and VR(d)] diagonalize the Yukawa
coupling matrix fu [fd] via
VTL(u)fuV
∗
R(u) = f
diag
u , V
T
L(d)fdV
∗
R(d) = f
diag
d , (39)
Of course, the matrices fdiagu and f
diag
d are diagonal only at one scale, which we take to be
Q = mt. The KM matrix that enters the interactions of W
± bosons with quarks is then
given by
K = V†L(u)VL(d) .
The problem with choosing to work in the quark mass basis is that using different transfor-
mations for the left-handed up and down quarks breaks the SU(2)L symmetry. As a result,
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interactions of say the charged and neutral Higgs bosons with quarks are no longer simply
related by an SU(2)L transformation, but involve an additional matrix (which in the case
of the MSSM is the KM matrix).14
It is convenient to work instead in the basis where just one of up- or down-type (but not
both) Yukawa couplings are diagonal at mt. The interactions and the RGEs that we have
written in the last section continue to hold in this special “current quark” basis, provided we
define the squark fields as the super-partners of these quark fields. In the following, we will
choose the basis so that the up quark Yukawa couplings are diagonal at mt, i.e. the up-type
quarks are in their mass basis at this scale. This does not imply that the up-type squarks
are also in the mass eigenstate basis. This would be the case in the exact SUSY limit, but
the SSB squark mass matrices and the trilinear SSB scalar couplings may independently
violate flavour in the squark sector. In writing our RGEs with independent thresholds for
the squarks we have, however, assumed that mixing between up-type squarks is small in this
basis so that u˜Li and u˜Ri are approximately also mass eigenstates, and likewise for down-type
squarks.
With this preamble, let us turn to an examination of the flavour violating dimensionless
couplings of the MSSM. Let us begin with the Yukawa couplings of quarks to neutral Higgs
bosons. We will assume that we have diagonalized the SM Yukawa coupling matrices at the
scale Q = mt, and examine the solutions for the various elements of the up quark Yukawa
coupling matrix for larger values of Q. We thus need to solve the system of RGEs listed
in the Appendix. Notice that though the RGEs for the the dimensionful SSB parameters
are decoupled from the RGEs for dimensionless couplings, the weak scale values of the
dimensionful parameters nonetheless enter our analysis in that they determine the various
thresholds. This dependence is, fortunately, only logarithmic and it suffices to approximate
the location of the thresholds as discussed in Sec. III. To solve the RGEs we rotate the
Yukawa coupling matrices to the current basis using (39), with matrices VL,R(q) chosen to
reproduce the KM matrix. Next, we evolve these along with the values of gauge couplings
to the scale Q =MGUT using the RGEs with all the θ’s set to unity, i.e. the MSSM RGEs.
We then evolve back down to Q = mt, but this time including thresholds and the couplings
14 This matrix is the KM matrix for the MSSM where one of the Higgs doublets couples to up-type quarks,
and the other to down-type quarks. In the general two Higgs doublet model, this is no longer the case.
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with twiddles.15 We reset the gauge couplings and current-basis Yukawa coupling matrices
back to their input values, run back up toMGUT, and iterate the procedure until it converges
with the required precision. We can then read off the couplings in any basis at the desired
values of Q.
Rather than show numerical results for many cases in many SUSY models that have
been considered, we have chosen to illustrate our analysis for a simplified scenario where the
sfermions and the electroweak gauginos are all at a mass scale ∼ 600 GeV while the heavy
Higgs bosons and gluinos have a mass ∼ 2 TeV. Thus, our effective theory is supersymmetric
forQ > 2 TeV, includes only sfermions, charginos and neutralinos together with SM particles
for 600 GeV < Q < 2 TeV, and is the SM for Q < 600 GeV. In the intermediate range
between 600 GeV and 2 TeV, we will have to separately examine the couplings g˜Φ and g˜′Φ
(but not g˜Φs ) and f˜
Φ
u,d,e as these split off from the usual gauge and Yukawa couplings.
A. Quark Yukawa couplings
The values of the running quark mass parameters determine the Yukawa coupling matrices
in the mass basis. These can be rotated to an arbitrary current basis using (38), or to the
particular basis with diagonal up-type Yukawa couplings by choosing the four matrices
suitably. In models where the SSB interactions are flavour-blind (at any one scale) the four
matrices are separately unphysical, and physics is determined by just the KM matrix. In
more general scenarios though, physical quantities will depend on more than just the KM
matrix. In our numerical illustration, we have used the program ISAJET [27] to extract
quark Yukawa couplings at the scale Q = mt in their mass basis.
16 Starting from this
15 This procedure would be somewhat modified if instead of choosing the location of heavy Higgs boson
and sparticle thresholds “by hand” as we do here, these were to be obtained using GUT scale boundary
conditions for SSB parameters. Universal boundary conditions, such as the ones used in mSUGRA, can
of course be used in any sfermion basis, but in all other cases we have to be specific about the choice of
basis in which we specify these SSB boundary conditions. This will be discussed in more detail in Ref.
[21]. As an aside, we also note that to get the solutions of the RGEs in this paper, it is only necessary to
evolve beyond the highest threshold during the iterations to obtain convergence. We have evolved all the
way to MGUT only because we anticipate that this will be the Q value where SSB boundary conditions
will be specified in many realistic scenarios.
16 ISAJET currently does not include flavour mixing among the quarks. It does, however, include important
radiative corrections to the relationship between quark masses and the Yukawa couplings. We expect that
because this flavour mixing is small, its effect on the quark masses will also not be large. In any case, we
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FIG. 1: Evolution of the magnitudes of the elements of the up-quark Yukawa coupling matrix for
the MSSM with thresholds, shown by arrows, clustered at 600 GeV and 2 TeV as discussed in the
text. Above mH (= 2 TeV) we plot |(fu)ij | whereas below mH , where the effective theory includes
just one scalar Higgs doublet, we plot |(λu)ij | / sin β which is equal to |(fu)ij| at Q = mH = 2 TeV.
boundary condition, we have iteratively solved the system of RGEs for a toy scenario where
the SUSY thresholds are taken to be clustered either at 600 GeV (M1, M2, |µ| and mf˜), or
at 2 TeV (mH , mg˜), as mentioned in the previous paragraph.
The results of this calculation for the elements of fu are shown in Fig. 1. Specifically,
we show
∣∣∣(fu)ij∣∣∣ if Q > mH , and ∣∣∣(λu)ij∣∣∣ / sin β (which joins continuously to the the corre-
sponding element of fu at Q = mH) for Q < mH . Since the KM matrix includes a complex
phase which we take to be 60◦ (and since the matrices in (38) can themselves be complex),
these elements are, in general, complex numbers.17 In Fig. 1, we have plotted the absolute
values of these elements, in the basis where the up-quark Yukawa coupling matrix is diag-
expect to incorporate these RGEs into ISAJET, at which stage flavour mixing effects can be included in
the iterative procedure used to extract the Yukawa couplings. Since our discussion here is meant only to
be illustrative, it is not crucial that we use absolutely precise values for the Yukawa couplings.
17 We have solved these equations in a randomly chosen current basis, i.e. one with a random choice of the
matrices in (38), and then rotated back to the basis where up-type quark Yukawa couplings are diagonal
at Q = mt. Our results are independent of the initial choice of current basis as they should be, providing
a non-trivial check on the code.
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onal at Q = mt, versus the energy scale Q. In our calculation, we include two-loop terms
albeit without threshold corrections which are numerically completely negligible as even the
two-loop corrections have only a small effect on our results. The three roughly horizontal
lines show the scale dependence of the diagonal Yukawa couplings. This is largely governed
by the strong interaction gauge coupling terms in the RGE, and for large Q values scales
as a calculable power of this gauge coupling.18 There are kinks in these curves at 600 GeV
and 2 TeV, but these are not visible on the scale of this figure: see, however, Fig. 5. The
off-diagonal elements of (the scaled) |λu| all start off at zero at Q = mt, but rapidly increase
to values that though small, may as in the case of (fu)23 become as large as 10
−6. The most
striking thing about the figure is the dip in all the off-diagonal elements at a value of Q in
the few hundred GeV range, close to the expected value of squark masses in our example.
An understanding of this feature is of more than mere academic interest, since we shall see
that it also appears in the corresponding f˜ -couplings, which directly enter the amplitudes
for flavour violating squark decays.
To understand this curious feature, let us first consider a further simplification where the
two SUSY thresholds coalesce into a single one at Q = M . We will, of course, return to the
case in Fig. 1 shortly. For Q > M , the RGE for fu becomes the corresponding MSSM RGE
(4π)2
d(fdiagu )
dt
=3(fdiagu )(f
diag
u )
†(fdiagu ) +K
∗(fdiagd )(f
diag
d )
†KT (fdiagu )
+ (fdiagu )Tr{3(fdiagu )†(fdiagu )}
− (fdiagu )
[
13
15
g21 + 3g
2
2 +
16
3
g23
] (40)
while for Q < M , we have the SM RGE for the Yukawa coupling matrix,
(4π)2
d(λdiagu )
dt
=
3
2
(λdiagu )(λ
diag
u )
†(λdiagu )−
3
2
K∗(λdiagd )(λ
diag
d )
†KT (λdiagu )
+ (λdiagu )Tr{3(λdiagu )†(λdiagu ) + 3(λdiagd )†(λdiagd ) + (λdiage )†(λdiage )}
− (λdiagu )
[
17
20
g21 +
9
4
g22 + 8g
2
3
] (41)
The KM matrix K appears in these equations because we have written them in the basis
with all Yukawa couplings diagonal and real at the scale Q = mt.
That the real or imaginary parts of the off-diagonal elements all have a zero is simple to
understand. First, we observe that since λu and λd start off as real and diagonal at Q = mt,
18 For the (3,3) element, contributions from the third generation Yukawa coupling are also significant.
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off-diagonal elements develop only because the KM matrix has off-diagonal components.
Also, the imaginary parts of λu,d develop only via the phase in the KM matrix. Next,
notice that the “seed of flavour-violation”, i.e. the term involving the KM matrix in the
RGEs, which is also the seed for the imaginary part of the off-diagonal elements, enters with
opposite signs in the SM and in the MSSM RGEs. This means that if this seed term causes
the real or imaginary part of any off-diagonal element of say the up-type Yukawa coupling
to evolve with a negative slope in the SM, it would cause the same element to evolve with a
positive slope in the MSSM, and vice-versa. The evolution for mt < Q < M is governed by
the SM RGE, which causes the real part of an off-diagonal element to evolve to say negative
values. However, for Q > M , the evolution is governed by the MSSM RGE, and the real
piece of this Yukawa coupling now begins to evolve in the opposite direction, so that it
first becomes less negative, then passes through zero and continues to positive values. Of
course, at Q = M , we must remember to switch from the SM couplings λu,d,e to the MSSM
couplings fu,d,e. The imaginary piece of the off-diagonal Yukawa couplings similarly passes
through zero. However, we see from the sharp dips in Fig. 1 that the real and imaginary
parts have a zero at (almost) the same value of Q, and furthermore, this location appears
independent of the choice of the flavour indices i and j. To understand this, we need to
analyse the equations further.
In the following we will collectively denote the solutions of these equations by U, D and
E, i.e U = fu for Q > M , while U = λu for Q < M , and analogously for D and E. For
example, the RGE for U in the basis where both up- and down- type quark matrices are
diagonal at Q = mt can be written in the form,
(4π)2
dUij
dt
=A1UikU
†
klUlj + A2(K
∗DD†KTU)ij
+UijTr{A3U†U + A4D†D+ A5E†E}+UijG(~α(t)) .
(42)
Here, ~α(t) denotes the collection of the three gauge couplings. Of course, the coefficients Ai
and the function G differ for the SM and the MSSM. As already mentioned, the evolution of
the diagonal elements ofU andD is dominantly governed by the last term in these equations
which contains the gauge couplings. If we drop all other terms on the right-hand-side, the
RGE for the diagonal Yukawa terms can be easily integrated, and we find,
Uii(t) = Uii(t0)F (~α(t)), no sum on i. (43)
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It is important to note that the function F is independent of the quark flavour.19
Note now that the trace as well as the gauge coupling terms are flavour-independent.
Assuming that the diagonal Yukawas saturate the trace (remember that we just argued that
these diagonal terms are a function only of the gauge couplings ~α(t)), we can combine these
terms so that the second line on the RHS of (42) can be written as
Uij(t)f(t),
again with f being independent of flavour. Next, let us look at the term involving the KM
matrix. Noting that the diagonal elements of U and D are much larger than the off-diagonal
ones, we can write, (
K∗DD†KTU
)
ij
≃
∑
k
K∗ikDkk(t)Dkk(t)KjkUjj(t),
where i and j are unsummed, fixed indices. In writing this, we have used the reality of the
diagonal elements of the Yukawa matrices under renormalization group evolution (discussed
below). From the analogue of (43) for D(t), we see that this term has the structure,
Mij(t0)G(t),
with Mij(t0) = K
∗
ikDkk(t0)Dkk(t0)KjkUjj(t0), and G a flavour-independent function of just
the gauge couplings, which themselves depend just on t. Ignoring, for the moment, the first
term in the RGE for U (the one cubic in U) we see that we have managed to decouple the
RGEs for Uij which (if the first term is dropped) take the form,
DUij ≡ dUij
dt
=Mij(t0)G(t) + f(t)Uij(t),
where f(t) and G(t) are known functions of t. The solution to this may be written as,
Uij(t) =Mij(t0)
1
D − f G(t) +U
0
ij(t),
19 In the approximation where we retain just the last gauge coupling terms in (40) and (41), these equations
take the form,
(4pi)2
dUii
dt
= Uii(a1g
2
1 + a2g
2 + a3g
2
s).
They can be readily integrated to give,
Uii(t) = Uii(t0)Π
3
r=1 (gr)
ar/br ,
where br is the coefficient of the one-loop gauge coupling β-function, βr(gr) =
1
16pi2 brg
3
r .
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where 1
D−f is the resolvent operator, and
U0ij(t) = U
0
ij(t0) exp
(∫ t
t0
f(t)dt
)
is the solution to the corresponding homogenous differential equation. For the SM evolution
starting at Q = mt, U
0
ij(t0) vanishes (if i 6= j), and we are left with the solution of interest,
Uij(t) =Mij(t0)H(t), (44)
where the function H(t) ≡ 1
D−fG(t) is independent of flavour. All the flavour information
is contained in the “boundary value”, Mij(t0). To clarify, we use the boundary conditions
on the SM Yukawa couplings to obtain U up to the (common) SUSY threshold. The values
of U and D at Q = 2 TeV now serve as the boundary condition for MSSM evolution. The
central point of this analysis is that the flavour-dependence is completely captured in the
first factor Mij(t0), where t0 corresponds to Q = mt for SM evolution, and to the SUSY
threshold for MSSM evolution.
To the extent that we can ignore the first “cubic term” in the U RGEs, we see that the
flavour structure of the evolution of λij is given by (44). We make the following observations.
• This structure is independent of the coefficients in the various terms in the RGEs as
well as independent of which matrices enter into the trace. The same structure thus
obtains for both SM and MSSM evolution. The important approximation was that
the diagonal elements of the Yukawa matrix dominate in the basis where these are
diagonal at the low scale.
• Eq. (44) was obtained without any assumptions about the hierarchical structure of
the KM matrix.
We can immediately obtain two corollaries from (44).
1.
URij(t)
UIij(t)
, where the superscripts R and I, respectively denote the real and imaginary
parts, is independent of t.
2.
U
R/I
ij (t)
U
R/I
kl (t)
is independent of t.
Our program is to start at Q = mt with the “diagonal boundary conditions” for the SM
Yukawa couplings and evolve λu,d,e to the scale Q = mH . We then scale the up- and
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down-type Yukawa couplings by 1/ sin β and 1/ cosβ, respectively, and finally continue this
evolution to higher values of t using the MSSM RGEs. By corollary 1 above we see that
when the real part of any off-diagonal Yukawa coupling vanishes (as it must for some value
of Q > M), the imaginary part of this coupling also vanishes. Corollary 2 then tells us that
the other off-diagonal elements likewise vanish for this same value of Q. This is, of course,
exactly the qualitative feature in Fig. 1 that we started out to explain.
Before turning to other issues, let us briefly return to the first term that we have ignored
up to now. If we saturate the product UU†U with two diagonal elements in each of three
terms and also remember that the diagonal elements are real, i.e. write
(
UU†U
)
ij
≃
UiiUiiUij+UjjUjjUij +UiiUjjU
∗
ji, we find that, like terms we have considered up to now,
two of these terms do not couple Uij with anything else, while the third term couples Uij
to U∗ji. Eq. (44) is thus violated only by this last term. We have indeed checked that the
position of the zeros are not exactly coincident but have a very tiny spread of a few GeV
not visible on the figure. We have also checked that increasing the coefficient of the cubic
term increases this spread, while altering the other coefficients has no effect on it, in keeping
with expectations from our analysis.20
Our analysis of Fig. 1, up to now, has assumed a common location for the threshold for all
non-SM particles which is, of course, not the case in the figure. It is, however, clear that the
bulk of the change in the slope of the curve occurs from the thresholds at 600 GeV where the
coefficient of the term involving the KM matrix changes its sign, causing the magnitudes
of the off-diagonal couplings to decrease until they pass through zero, beyond which the
magnitude starts increasing once again. The kink in the various curves at Q = 2 TeV marks
the position of the second threshold. It should, therefore, be clear that the location of the
zero is largely determined by the spectrum, and is insensitive to other details.21
Finally, we remark that the imaginary parts of the off-diagonal couplings (recall that these
20 We have also numerically solved the RGEs using a fictitious KM matrix with large off-diagonal entries.
We found the same behaviour as in the figure, in keeping with our observation that the analysis does not
depend on the hierarchical structure of the KM matrix.
21 We checked also that using a fictitious KM matrix with large off-diagonal entries changes the evolution
of the off-diagonal couplings (for instance the relative size of the imaginary parts) as expected but hardly
affects the location of the zero which is determined by the mass spectrum. As mentioned previously, the
location of the zeros is also largely insensitive to the coefficients of the various terms in the RGEs, unless
of course, a coefficient happens to be so large that the solution blows up before the zero can be reached.
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have their origin in the phase in the KM matrix) may, depending on which matrix element
we are considering, be of comparable magnitude to the corresponding real part, or much
smaller. The relative size of the imaginary part is largely determined by the relative size of
the imaginary part in the corresponding element of the “seed term”, ∼ K∗DD†KTU in the
RGE. It is easy to see that this “seed” is real for the diagonal elements of U (or D), which,
therefore, continue to remain real. For the case study in the figure, the (1,3) element has
the largest imaginary part O(10−7), while the imaginary part of other off-diagonal elements
is smaller by 3–6 orders of magnitude over most of the range of Q.
We should mention that in a complete diagrammatic calculation there would be other
non-logarithmic corrections to the couplings not included in our calculation. The corrections
to the diagonal elements of the Yukawa coupling matrices are already included in ISAJET
using the formulae in Ref. [28], and so will be automatically included when these RGEs
are embedded into the ISAJET code. In contrast to a diagrammatic approach, our method
(also the one used in ISAJET) automatically sums the potentially large logarithms that arise
when the MSSM spectrum is significantly split. We also remark that in Fig. 1 (as well as in
the other figures below), we have ignored any finite shifts in the coupling constants coming
from the matching of the two effective theories (with and without the heavy particle) when
we decouple particles at their mass scale [29]. This would potentially give jumps in the
couplings as we cross the various thresholds which must be taken into account to achieve
true two-loop accuracy. The RGEs that we have derived are, of course, unaffected.
B. Higgsino and gaugino couplings to quarks and squarks
We now turn to a study of the evolution of the couplings of gauginos and higgsinos to
the quark-squark system. Above all thresholds, i.e for Q > mg˜ = mH in our numerical
study, these are equal to the corresponding gauge and quark Yukawa couplings, but differ
from them for the range of Q between the lower threshold at the sfermion, higgsino and
electroweak gaugino masses and the high threshold. Of course, for Q values below this lower
threshold, the effective theory is the SM and the couplings g˜, g˜′, f˜u and f˜d cease to be
meaningful quantitates in our simple-minded approach with thresholds being incorporated
by step functions. Note also that because the gluino is the heaviest SUSY particle in our
illustration, there is no g˜s coupling. Above all thresholds, supersymmetry relates gaugino
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and gauge couplings so that flavour violation via gaugino interactions is not allowed. For
Q < mH , the connection between the gauge couplings and gaugino couplings is broken,
and flavour-violating interactions of gauginos are no longer forbidden by any symmetry.
Although these g˜Φ-type couplings start off proportional to unit matrices at Q = mH , con-
tributions to their renormalization group evolution from terms involving Higgs boson and
higgsino couplings to quarks and squarks (see, e.g. Eq. (56) of the Appendix), which cancel
out if all thetas are set to unity, cause these to develop off-diagonal elements for Q < mH .
These off-diagonal components of g˜ and g˜′ (and also of the corresponding Yukawa cou-
plings) induce flavour-violating decays, q˜i → qjZ˜k, of squarks even if there is no explicit
flavour-mixing in the SSB sector (i.e. all flavour violation is induced via superpotential
Yukawa couplings as is the case in many models), and hence are phenomenologically rele-
vant. In this case, the partial widths for flavour-violating decays will be small, so that these
decays will likely be most important for those squarks for which flavour-conserving, tree-level
two body decays are kinematically forbidden. Thus, the neutralino in the flavour-violating
decay is most likely to be the LSP. Since the LSP is bino-like in many models, it would
seem that the couplings g˜′ would be the most relevant, but this would of course depend on
the size of the corresponding off-diagonal component, relative to the same component of the
other couplings.
We begin by showing the magnitudes of the off-diagonal components of the electroweak
gaugino-quark-squark couplings in Fig. 2 for a) the matrices g˜′Q and g˜′uR, and b) the matrices
g˜Q (there is no g˜uR). We obtain these from the corresponding evolution equations with the
boundary condition that these matrices are equal to the corresponding gauge coupling times
the unit matrix at Q = mH . On the low Q side, we terminate these curves at the lower
SUSY threshold below which these couplings no longer exist. Also shown for comparison
is the (2,3) element, the one with the largest magnitude, of the up-quark Yukawa coupling
matrix fu. Remember that we are plotting these matrix elements in the basis where the
up-quark (but not the down-quark) Yukawa couplings are diagonal at Q = mt. There are
several features worth remarking about.
1. The off-diagonal elements of the gaugino coupling matrices vary over the same broad
range as the corresponding elements of the Yukawa coupling matrices shown in Fig. 1.
Indeed the magnitude of some of these elements considerably exceed the largest ele-
ment of the quark Yukawa coupling matrix. It would, therefore, be dangerous to simply
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FIG. 2: Evolution of the magnitudes of the complex off-diagonal elements of the gaugino coupling
matrices: a) g˜′Q and g˜′uR , and b) g˜Q defined in the text for the MSSM, with the positions of the
sparticle and Higgs thresholds (again denoted by arrows) as in Fig. 1. Also shown for comparison is
the magnitude of the (2, 3) element, the one with the largest magnitude, of the up-quark coupling
matrix fu. The legend is in the same order (from top to bottom) as the curves. The magnitudes
of the elements of the gaugino coupling matrices are symmetric in the flavour indices to a good
approximation, as explained in the text.
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disregard these when discussing sparticle flavour physics, particularly in models where
Yukawa couplings are the sole source of flavour violation.
2. The off-diagonal couplings of the g˜′Q matrix are several orders of magnitude larger
than those of g˜′uR. The reason for this can be traced to the RGEs for these listed
in the Appendix. We see from (54) and (56) that the evolution of the matrices g˜′Q
depends on the down-type Yukawa couplings, while that of g˜′uR does not have any such
contributions. In the basis that we are working in, these contributions are much larger
than those from up-type Yukawa matrices (and larger than those from the gaugino
coupling matrices which start off as unit matrices at Q = mH), so that it is no surprise
that the off-diagonal elements of g˜′Q attain larger values than those of g˜′uR. A similar
remark applies to the magnitudes of the elements of g˜Q shown in frame b).
3. We also see from the figure that the magnitudes of the gaugino coupling matrices
are symmetric under the interchange of the two indices. We have checked that this
symmetry is not exact but (for our illustration) holds to a few parts per mille. The
reason for the symmetry is that in the course of their evolution starting from a unit
matrix at Q = mH , the gaugino coupling matrices remain (approximately) Hermitian.
This is simplest to see for the g˜′Q matrices, retaining only the dominant terms involving
the down-type Higgs and higgsino coupling matrices on the right-hand-side of (54). If
we now ignore the small difference between the Higgs and higgsino coupling matrices
in the RGE, and keep in mind that the matrices g˜′Q and g˜Q on the right-hand-side are
almost the unit matrices, it is not difficult to see that the gaugino coupling matrices
g˜′Q and g˜Q remain Hermitian with, but only with, our approximations. A similar,
but somewhat more involved, argument also holds for the off-diagonal elements of
g˜′uR, where we have to look at all the terms in (56) since, in the absence of down-
type Yukawa matrices on the right-hand-side, no single term dominates. Nonetheless,
we have checked that if the difference between Higgs boson and higgsino coupling
matrices on the right-hand-side can be ignored, and the gaugino coupling matrices can
be approximated by unit matrices, the renormalization group evolution preserves the
(approximate) hermiticity of g˜′uR, explaining why the magnitudes of the corresponding
off-diagonal elements are symmetric in the flavour indices.
Next, we turn to the off-diagonal elements of the f˜ -matrices. We know that these will
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FIG. 3: The real (R) and imaginary (I) part of the (1, 3) element of the up-quark Yukawa coupling
matrix, fu, along with the corresponding elements of the matrices f˜
Q
u and f˜uRu for the MSSM with
the spectrum as in Fig. 1. For the solid black and red lines, we plot the elements of the matrix
λu/ sin β below Q = mH , as in Fig. 1. The main figure zooms in on the low end of the range of
Q where the Higgs boson and higgsino coupling differ from one another, while the inset shows the
evolution all the way to MGUT.
deviate from the elements of the corresponding Yukawa coupling matrix only below the
threshold at Q = mH , but have magnitudes similar to the corresponding Yukawa coupling
matrix elements, whose absolute values are shown in Fig. 1. It is the difference between the
couplings of Higgs bosons and higgsinos that will be the main focus of our attention. In
Fig. 3, we show the evolution of the real and imaginary parts of the (1,3) element of (i.) the
Yukawa coupling matrix, fu for Q > mH and λu/ sinβ (which connects continuously to fu)
for Q < mH , (ii.) the higgsino coupling matrices f˜
Q
u , and f˜
uR
u whose evolution is shown in
(48) and (51), respectively, of the Appendix. There is no particular reason for our choice of
the (1, 3) element (which happens to have a comparable real and imaginary piece) for the
illustration in the figure. Here we have focussed on the lower end of Q where the fu and f˜
Φ
u
couplings are different, while the inset shows the evolution all the way to MGUT. Several
points may be worthy of notice.
• For Q > mH where the effective theory is supersymmetric, we see that the real and
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imaginary parts of the Higgs boson and higgsino couplings separately come together
as expected.
• The reader can easily check that the ratio of the real and imaginary parts of the Higgs
boson Yukawa couplings is independent of the scale as we had discussed in Sec. VA.
• For Q < mH , the higgsino couplings are split from the corresponding Higgs boson
couplings as well as from one another by a factor of several. For instance at the scale
of squark masses, the real (imaginary) parts of the (1,3) element of both f˜Qu and f˜
uR
u
are quite different from the real (imaginary) parts of (fu)13. It seems to us that the use
of the evolved Higgs boson coupling in place of the corresponding higgsino coupling
could be a poor approximation.
• Notice that while the real and imaginary parts of (f˜Qu )13 and (f˜uRu )13 come to zero at
the same point, the position of the zero differs for the two couplings.
Up to now we have focussed our attention on flavour off-diagonal couplings. Before closing
our discussion, we briefly consider the effect of the thresholds on the evolution of flavour
diagonal couplings. As an illustration, we show the evolution of the hypercharge gauge
coupling g′ and the (3,3) elements hypercharge gaugino couplings g′Q and g′uR in Fig. 4.
The black solid line denotes the result of our complete calculation of the gauge coupling
including both threshold and two loop effects. Also shown by green dashed and blue dotted
lines are the corresponding results obtained at the one- and two-loop levels, but ignoring
threshold effects. The evolution of the (3,3) element of g˜′Q breaks away from the evolution of
g′ at Q = mH , and is shown as the violet dot-dashed curve that terminates at Q = 600 GeV.
The insets on the left and right show zooms of these curves at the low and high ends,
respectively. In the inset on the left, we have also shown the evolution of the (3,3) element
of g˜′uR as the orange short-dashed line. We have checked that all the diagonal elements
of both g˜′Q and g˜′uR have a similar behaviour. Moreover, the (1, 1) and (2, 2) elements all
evolve essentially together with only the (3, 3) elements split from these due to top “Yukawa”
couplings.22 The gauge coupling curves use the measured value of the coupling at the low
scale as the boundary condition, while the gaugino coupling curves are obtained assuming
22 In our illustration where we have tanβ = 4, the curves for the (1, 1) and (2, 2) elements fall in-between
the dot-dashed violet curve for (g˜′Q)33 and the orange-dashed curve for (g˜
′uR)33 in Fig. 4.
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FIG. 4: Evolution of the hypercharge gauge coupling at the 1-loop (green dashed line) and 2-loop
(blue dotted line) levels (excluding threshold effects), and with the full calculation (solid black
line). Also shown is the evolution of the (3, 3) element of g˜′Q (and g˜′uR in the left inset). The main
figure shows the evolution of these couplings between Q = mt and Q =MGUT, while the insets on
the left and right zoom in on the range of Q near the TeV scale and near MGUT respectively.
that the corresponding matrix equals the hypercharge coupling times the unit matrix at
Q = mH . Several points are worth noting:
1. Since the value of the gauge coupling is fixed at Q = mt in our illustration, the
difference between one and two-loop evolution (without threshold effects) is seen at
the high Q end where the curves are terminated at Q = MGUT defined as the point
where the SU(2) and the scaled hypercharge couplings meet. Notice that MGUT is
different in the two cases, as is the value of the gauge coupling at Q = MGUT. This
relative difference is O ( 1
16pi2
)
, roughly the expected magnitude of a higher loop effect.
The full calculation of the evolution depicted by the solid black line differs most from
the other two curves at the low end, because we start off with the evolution using
the β-function of the SM and, as we pass through the various thresholds, join up
at Q = mH to the MSSM evolution. Beyond Q = mH , the full and two-loop curves
evolve with the same β-function, but the latter ends up lower because threshold effects
caused it to start off lower at Q = mH , as can be seen in the inset on the left. That it
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ends up so close to the one-loop curve is a coincidence, but its proximity reflects the
conventional wisdom that two loop effects in the evolution are numerically comparable
in magnitude to the threshold corrections in the evolution at one-loop.
2. Turning to the gaugino couplings at the low end, the most striking feature is that below
Q = mH , these evolve in the opposite direction to the gauge couplings. This behaviour
can be understood if we recognize that forQ < mg˜ the evolution of the diagonal gaugino
couplings now depends on the much larger gluon coupling even at the one-loop level.
As we can see from (54), the terms involving g˜Qs cancel the terms depending on the
QCD coupling constant gs if Q > mg˜. However, for Q < mg˜ the terms with θg˜ are
no longer operative, and this cancellation is incomplete, causing a large change in the
β-function, and hence in the slope of the curve. It is striking to see that even though
we have maintained both thresholds not far from the TeV scale, the corresponding
gaugino and gauge couplings can develop a difference of ∼ 4%. The existence of a
difference between a gauge boson coupling and the corresponding gaugino coupling
has been discussed in Ref. [30] (although without any flavour structure), where it
was suggested that its determination at an e+e− linear collider [31] would give an
idea of the splitting between sparticle masses, even if the heavy sparticles are not
kinematically accessible.
Finally, we turn to flavour-conserving Higgs and higgsino interactions. As an illustration,
we show the evolution of the (3,3) elements of fu, of f˜
Q
u , and of f˜
uR
u in Fig. 5. Just as in the
previous figure, we show results for the complete calculation at the two-loop level, including
threshold effects as well as differences between the couplings of Higgs/gauge bosons and of
higgsinos/gauginos by the solid black line. We also show the results that we obtain with
just MSSM evolution all the way to Q = mt using one-loop RGEs (the green dashed curve)
and two-loop RGEs (the blue dotted curve). In all three cases we start with the same value
for the Yukawa coupling at Q = mt. Also shown by the violet dot-dashed and orange short-
dashed lines is the evolution of the (3,3) element of the matrices f˜Qu and f˜
uR
u , respectively.
The two insets are similar to those in the previous figure. We note the following:
1. We see that the complete calculation of the Yukawa coupling leads to a large difference
from the two-loop calculation without thresholds over most of the range of Q. This is
not new and is largely due to the difference between the evolution of Yukawa couplings
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FIG. 5: Evolution of the (3, 3) element of the Yukawa coupling, fu, at the 1-loop (green dashed
line) and 2-loop (blue dotted line) levels (excluding threshold effects), and with the full calculation
(solid black line). Also shown is the evolution of the (3, 3) element of f˜Qu (and f˜uRu in the left inset).
The main figure shows the evolution of these couplings between Q = mt and Q = MGUT, while
the insets on the left and right zoom in on the range of Q near the TeV scale and near MGUT
respectively. As in Fig. 1, we have plotted λu/ sin β below Q = mH .
in the SM and in the effective theories that interpolate between the SM and the
MSSM.23 Below the kink at Q = 600 GeV in the solid black curve the evolution of the
Yukawa coupling is as in the SM, while above Q = mH it is as in the MSSM. Notice
that in this case, threshold effects are considerably larger than the difference between
one- and two-loop evolution.
2. It can be clearly seen from the left-inset that the higgsino couplings evolve quite
differently from the corresponding Higgs boson couplings once Q is below mH . Once
again, this difference is largely due to incomplete cancellations in terms involving
23 Notice in the left inset that the solid black line “curves” significantly between Q = 600 GeV and Q = mt.
This highlights the advantage of this approach (also used in the event generator ISAJET) which “sums
logs of the ratio of the low and high threshold by solving the RGEs”, with that sometimes used in the
literature where MSSM evolution is used all the way down to Q = mt and then corrected for “via a single
step” evolution to take into account the difference between the running in the MSSM and in the SM.
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“strong” interaction couplings of gluons and gluinos, as may be seen from (48) and
(51) of the Appendix.
VI. CONCLUDING REMARKS
RGEs provide the bridge that allows us to extract predictions of theories with simple
physical principles valid at very high energy scales, many orders of magnitude larger than
energies accessible in experiments. Because of renormalization effects, these same simple
principles lead to complex predictions at accessible energies. Since supersymmetric theories
allow sensible extrapolation to high energy, RGEs have played a central role in the analysis
of many supersymmetric models, generally assumed to reduce to the MSSM (possibly aug-
mented by right-handed neutrino superfields) in the range between the weak and GUT or
Planck scales.
In this, the first of a series of two papers, we have re-examined the threshold corrections
to the RGEs for the dimensionless couplings of the MSSM, incorporating also the effects
from flavour mixing of quarks and squarks. Above the scale of all new particle thresholds,
the effective theory is the MSSM, with just three gauge couplings and three different Yukawa
coupling matrices (that specify the interactions of matter fermions with Higgs bosons) being
the independent dimensionless couplings of the theory. All other dimensionless couplings,
for instance those of gauginos or higgsinos to the fermion-sfermion system, or quartic scalar
couplings, are related to these by supersymmetry. These relations are, however, no longer
valid once supersymmetry is broken, so that then the couplings to gauginos and higgsinos
will renormalize differently from gauge and Yukawa couplings, respectively. In a consistent
treatment of threshold corrections, the RGEs for these couplings will therefore differ from
the RGEs for the gauge and quark Yukawa couplings that are available in the literature.
We have adapted the RGEs for a general (i.e. non-supersymmetric) field theory [14, 22]
and rewritten them in four-component spinor notation that we use when we obtain the
RGEs of the MSSM. The details of our procedure may be found in Sec. II and III, and
the application to the MSSM in Sec. IV. The complete set of RGEs for the dimensionless
couplings between SM particles and their superpartners (but not for the quartic couplings
of scalars) is given in the Appendix. These quartic couplings are less important from a
phenomenological perspective, though some of these do enter the squark and slepton mass
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matrices. The important thing for the present discussion is these do not enter into the RGEs
for the fermion-fermion-scalar couplings, which can then be evolved independently from the
quartic couplings.
We have presented some sample numerical results for the evolution of various couplings in
Sec. V. The analysis here is meant only to give a sampling of effects that, to our knowledge,
have not been previously pointed out in the literature. Since flavour physics in the sparticle
sector has been the main motivation for our analysis, we point out that when threshold effects
are included, gauginos are not different from higgsinos in that neutral gauginos also develop
flavour-changing couplings to quarks and squarks. As seen from Fig. 2, while these flavour-
violating gaugino couplings vary over several orders of magnitude, they can be comparable,
or even larger, than the corresponding couplings to Higgs bosons. An illustration of flavour-
violating higgsino couplings is shown in Fig. 3. The scale-dependence of these is quite
different from that of the usual Yukawa couplings of quarks to Higgs bosons. We stress that
the induced flavour violating couplings of gauginos and higgsinos, evaluated at the scale of
any particular squark mass, will contribute to the amplitude for the flavour-violating decay
of this squark. Such a contribution is distinct from the usually evaluated contribution from
the induced flavour-violation in the squark mass matrix. Both types of contributions need
to be included. Finally, we point out one last striking feature of our analysis. We see from
Fig. 4 and Fig. 5 that the inclusion of SUSY threshold corrections leads to a difference of
a few percent between the flavour-diagonal electroweak couplings of gauginos and gauge
bosons, and of higgsinos and Higgs bosons, traced to SUSY QCD contributions in even the
1-loop RGEs. This could have a noticeable effect on the evaluation of sparticle masses as
well as of thermal relic densities of neutralino dark matter created in the Big Bang.
In summary, we have presented the RGEs of the dimensionless couplings of the MSSM
in this paper. In a follow-up paper under preparation [21], we will present the RGEs for
the dimensionful parameters, again including threshold and flavour-mixing effects. This
complete set will facilitate the examination of flavour phenomenology in SUSY models with
arbitrary ansa¨tze for flavour in the SSB sector.
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L
e )
†
kl(f˜
L
e )lk
]
+
1
4
θh˜
[
c2θh + s
2θH
]
(f˜Qd )ij
{
3θW˜
∣∣g˜hd∣∣2 + θB˜ ∣∣g˜′hd∣∣2}
+
[
c2θh + s
2θH
] {−3θW˜ g˜hd(g˜Q)∗ik − 13θB˜ g˜′hd(g˜′Q)∗ik
}
(fd)kj
+
2
9
θB˜θd˜l(g˜
′Q)∗ik(f˜
dR
d )kl(g˜
′dR)Tlj −
16
3
θg˜θd˜l(g˜
Q
s )
∗
ik(f˜
dR
d )kl(g˜
dR
s )
T
lj
+ θQ˜l
[
3
2
θW˜ (g˜
Q)∗ik(g˜
Q)Tkl +
1
18
θB˜(g˜
′Q)∗ik(g˜
′Q)Tkl +
8
3
θg˜(g˜
Q
s )
∗
ik(g˜
Q
s )
T
kl
]
(f˜Qd )lj
+ θh˜θQ˜l
[
(f˜Qu )ik(f˜
Q
u )
†
kl + (f˜
Q
d )ik(f˜
Q
d )
†
kl
]
(f˜Qd )lj
− (f˜Qd )ij
[
13
12
g′2 +
9
4
g22 + 4g
2
s
]
(49)
55
(4π)2
d(f˜Le )ij
dt
=
[
c2θh + s
2θH
]
(f˜Le )ik(f
†
e fe)kj
+ (f˜Le )ik
[
θB˜θe˜l(g˜
′eR)∗kl(g˜
′eR)Tlj + θh˜θL˜l(f˜
L
e )
†
kl(f˜
L
e )lj
]
+
1
2
θh˜(f˜
L
e )ij
[
3θd˜k(f˜
dR
d )
†
kl(f˜
dR
d )lk + θe˜k(f˜
eR
e )
†
kl(f˜
eR
e )lk
+3θQ˜l(f˜
Q
d )
†
kl(f˜
Q
d )lk + θL˜l(f˜
L
e )
†
kl(f˜
L
e )lk
]
+
1
4
θh˜
[
c2θh + s
2θH
]
(f˜Le )ij
{
3θW˜
∣∣g˜hd∣∣2 + θB˜ ∣∣g˜′hd∣∣2}
+
[
c2θh + s
2θH
] {−3θW˜ g˜hd(g˜L)∗ik + θB˜ g˜′hd(g˜′L)∗ik} (fe)kj
− 2θB˜θe˜l(g˜′L)∗ik(f˜ eRe )kl(g˜′eR)Tlj
+
1
2
θL˜l
[
3θW˜ (g˜
L)∗ik(g˜
L)Tkl + θB˜(g˜
′L)∗ik(g˜
′L)Tkl
]
(f˜Le )lj
+ θh˜θL˜l(f˜
L
e )ik(f˜
L
e )
†
kl(f˜
L
e )lj − (f˜Le )ij
[
15
4
g′2 +
9
4
g22
]
(50)
(4π)2
d(f˜uRu )ij
dt
=
3
2
θh˜
[
θu˜k(f˜
uR
u )lk(f˜
uR
u )
†
kl + θQ˜l(f˜
Q
u )lk(f˜
Q
u )
†
kl
]
(f˜uRu )ij
+
1
4
θh˜
[
s2θh + c
2θH
]
(f˜uRu )ij
{
3θW˜
∣∣g˜hu∣∣2 + θB˜ ∣∣g˜′hu∣∣2}
+
1
2
{[
s2θh + c
2θH
]
(fuf
†
u)ik +
[
c2θh + s
2θH
]
(fdf
†
d)ik
}
(f˜uRu )kj
+
1
2
[
θh˜θu˜k(f˜
uR
u )ik(f˜
uR
u )
†
kl + θh˜θd˜k(f˜
dR
d )ik(f˜
dR
d )
†
kl +
3
2
θW˜ θQ˜k(g˜
Q)Tik(g˜
Q)∗kl
+
1
18
θB˜θQ˜k(g˜
′Q)Tik(g˜
′Q)∗kl +
8
3
θg˜θQ˜k(g˜
Q
s )
T
ik(g˜
Q
s )
∗
kl
]
(f˜uRu )lj
− 4
9
θB˜θQ˜k(g˜
′Q)Tik(f˜
Q
u )kl(g˜
′uR)∗lj −
16
3
θg˜θQ˜k(g˜
Q
s )
T
ik(f˜
Q
u )kl(g˜
uR
s )
∗
lj
− 4
3
θB˜
[
s2θh + c
2θH
]
g˜′hu(fu)ik(g˜
′uR)∗kj + 2θh˜θu˜k(f˜
uR
u )ik(f˜
uR
u )
†
kl(f˜
uR
u )lj
+ θu˜k(f˜
uR
u )ik
[
8
9
θB˜(g˜
′uR)Tkl(g˜
′uR)∗lj +
8
3
θg˜(g˜
uR
s )
T
kl(g˜
uR
s )
∗
lj
]
− (f˜uRu )ij
[
5
6
g′2 +
9
2
g22 + 4g
2
s
]
(51)
56
(4π)2
d(f˜dRd )ij
dt
=
1
2
θh˜
[
3θd˜k(f˜
dR
d )lk(f˜
dR
d )
†
kl + 3θQ˜l(f˜
Q
d )lk(f˜
Q
d )
†
kl + θe˜k(f˜
eR
e )lk(f˜
eR
e )
†
kl
+θL˜l(f˜
L
e )lk(f˜
L
e )
†
kl
]
(f˜dRd )ij
+
1
4
θh˜
[
c2θh + s
2θH
]
(f˜dRd )ij
{
3θW˜
∣∣g˜hd∣∣2 + θB˜ ∣∣g˜′hd∣∣2}
+
1
2
{[
s2θh + c
2θH
]
(fuf
†
u)ik +
[
c2θh + s
2θH
]
(fdf
†
d)ik
}
(f˜dRd )kj
+
1
2
[
θh˜θu˜k(f˜
uR
u )ik(f˜
uR
u )
†
kl + θh˜θd˜k(f˜
dR
d )ik(f˜
dR
d )
†
kl +
3
2
θW˜ θQ˜k(g˜
Q)Tik(g˜
Q)∗kl
+
1
18
θB˜θQ˜k(g˜
′Q)Tik(g˜
′Q)∗kl +
8
3
θg˜θQ˜k(g˜
Q
s )
T
ik(g˜
Q
s )
∗
kl
]
(f˜dRd )lj
+
2
9
θB˜θQ˜k(g˜
′Q)Tik(f˜
Q
d )kl(g˜
′dR)∗lj −
16
3
θg˜θQ˜k(g˜
Q
s )
T
ik(f˜
Q
d )kl(g˜
dR
s )
∗
lj
− 2
3
θB˜
[
c2θh + s
2θH
]
g˜′hd(fd)ik(g˜
′dR)∗kj + 2θh˜θd˜k(f˜
dR
d )ik(f˜
dR
d )
†
kl(f˜
dR
d )lj
+ θd˜k(f˜
dR
d )ik
[
2
9
θB˜(g˜
′dR)Tkl(g˜
′dR)∗lj +
8
3
θg˜(g˜
dR
s )
T
kl(g˜
dR
s )
∗
lj
]
− (f˜dRd )ij
[
5
6
g′2 +
9
2
g22 + 4g
2
s
]
(52)
(4π)2
d(f˜ eRe )ij
dt
=
1
2
θh˜
[
3θd˜k(f˜
dR
d )lk(f˜
dR
d )
†
kl + 3θQ˜l(f˜
Q
d )lk(f˜
Q
d )
†
kl + θe˜k(f˜
eR
e )lk(f˜
eR
e )
†
kl
+θL˜l(f˜
L
e )lk(f˜
L
e )
†
kl
]
(f˜ eRe )ij
+
1
4
θh˜
[
c2θh + s
2θH
]
(f˜ eRe )ij
{
3θW˜
∣∣g˜hd∣∣2 + θB˜ ∣∣g˜′hd∣∣2}
+
1
2
[
c2θh + s
2θH
]
(fef
†
e )ik(f˜
eR
e )kj
+
1
2
[
θh˜θe˜k(f˜
eR
e )ik(f˜
eR
e )
†
kl +
3
2
θW˜ θL˜k(g˜
L)Tik(g˜
L)∗kl
+
1
2
θB˜θL˜k(g˜
′L)Tik(g˜
′L)∗kl
]
(f˜ eRe )lj
− 2θB˜θL˜k(g˜′L)Tik(f˜Le )kl(g˜′eR)∗lj − 2θB˜
[
c2θh + s
2θH
]
g˜′hd(fe)ik(g˜
′eR)∗kj
+ 2θh˜θe˜k(f˜
eR
e )ik(f˜
eR
e )
†
kl(f˜
eR
e )lj + 2θB˜θe˜k(f˜
eR
e )ik(g˜
′eR)Tkl(g˜
′eR)∗lj
− (f˜ eRe )ij
[
3
2
g′2 +
9
2
g22
]
(53)
57
(4π)2
d(g˜′Q)ij
dt
=
1
2
θB˜
[
1
3
θQ˜l(g˜
′Q)lk(g˜
′Q)†kl + θL˜l(g˜
′L)lk(g˜
′L)†kl +
8
3
θu˜k(g˜
′uR)lk(g˜
′uR)†kl
+
2
3
θd˜k(g˜
′dR)lk(g˜
′dR)†kl + 2θe˜k(g˜
′eR)lk(g˜
′eR)†kl
]
(g˜′Q)ij
+
1
2
θh˜θB˜(g˜
′Q)ij
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2}
+
1
2
(g˜′Q)ik
{[
s2θh + c
2θH
]
(f∗uf
T
u )kj +
[
c2θh + s
2θH
]
(f∗d f
T
d )kj
}
+
1
2
(g˜′Q)ik
[
θh˜θu˜l(f˜
uR
u )
∗
kl(f˜
uR
u )
T
lj + θh˜θd˜l(f˜
dR
d )
∗
kl(f˜
dR
d )
T
lj +
3
2
θW˜ θQ˜l(g˜
Q)†kl(g˜
Q)lj
+
1
18
θB˜θQ˜l(g˜
′Q)†kl(g˜
′Q)lj +
8
3
θg˜θQ˜l(g˜
Q
s )
†
kl(g˜
Q
s )lj
]
+ 4θh˜
[
−2θu˜l(f˜Qu )∗ik(g˜′uR)kl(f˜uRu )Tlj + θd˜l(f˜
Q
d )
∗
ik(g˜
′dR)kl(f˜
dR
d )
T
lj
]
+ 6θh˜
{[
s2θh + c
2θH
]
g˜′hu(f˜Qu )
∗
ik(fu)
T
kj −
[
c2θh + s
2θH
]
g˜′hd(f˜Qd )
∗
ik(fd)
T
kj
}
+
1
2
θQ˜l
[
3θW˜ (g˜
Q)ik(g˜
Q)†kl +
1
9
θB˜(g˜
′Q)ik(g˜
′Q)†kl +
16
3
θg˜(g˜
Q
s )ik(g˜
Q
s )
†
kl
]
(g˜′Q)lj
+ θh˜θQ˜l
[
(f˜Qu )
∗
ik(f˜
Q
u )
T
kl + (f˜
Q
d )
∗
ik(f˜
Q
d )
T
kl
]
(g˜′Q)lj
− (g˜′Q)ij
[
1
12
g′2 +
9
4
g22 + 4g
2
s
]
(54)
(4π)2
d(g˜′L)ij
dt
=
1
2
θB˜
[
1
3
θQ˜l(g˜
′Q)lk(g˜
′Q)†kl + θL˜l(g˜
′L)lk(g˜
′L)†kl +
8
3
θu˜k(g˜
′uR)lk(g˜
′uR)†kl
+
2
3
θd˜k(g˜
′dR)lk(g˜
′dR)†kl + 2θe˜k(g˜
′eR)lk(g˜
′eR)†kl
]
(g˜′L)ij
+
1
2
θh˜θB˜(g˜
′L)ij
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2}
+
1
2
(g˜′L)ik
[
c2θh + s
2θH
]
(f∗e f
T
e )kj
+
1
2
(g˜′L)ik
[
θh˜θe˜l(f˜
eR
e )
∗
kl(f˜
eR
e )
T
lj +
3
2
θW˜ θL˜l(g˜
L)†kl(g˜
L)lj +
1
2
θB˜θL˜l(g˜
′L)†kl(g˜
′L)lj
]
− 4θh˜θe˜l(f˜Le )∗ik(g˜′eR)kl(f˜ eRe )Tlj + 2θh˜
[
c2θh + s
2θH
]
g˜′hd(f˜Le )
∗
ik(fe)
T
kj
+
1
2
θL˜l
[
3θW˜ (g˜
L)ik(g˜
L)†kl + θB˜(g˜
′L)ik(g˜
′L)†kl
]
(g˜′L)lj
+ θh˜θL˜l(f˜
L
e )
∗
ik(f˜
L
e )
T
kl(g˜
′L)lj − (g˜′L)ij
[
3
4
g′2 +
9
4
g22
]
(55)
58
(4π)2
d(g˜′uR)ij
dt
=
[
s2θh + c
2θH
]
(fTu f
∗
u)ik(g˜
′uR)kj
+
[
4
9
θB˜θu˜k(g˜
′uR)ik(g˜
′uR)†kl +
4
3
θg˜θu˜k(g˜
uR
s )ik(g˜
uR
s )
†
kl
+θh˜θQ˜k(f˜
Q
u )
T
ik(f˜
Q
u )
∗
kl
]
(g˜′uR)lj
+
1
2
θB˜(g˜
′uR)ij
[
1
3
θQ˜l(g˜
′Q)†kl(g˜
′Q)lk + θL˜l(g˜
′L)†kl(g˜
′L)lk +
8
3
θu˜k(g˜
′uR)†kl(g˜
′uR)lk
+
2
3
θd˜k(g˜
′dR)†kl(g˜
′dR)lk + 2θe˜k(g˜
′eR)†kl(g˜
′eR)lk
]
+
1
2
θB˜θh˜(g˜
′uR)ij
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2}
− 3θB˜θh˜
[
s2θh + c
2θH
]
g˜′hu(fu)
T
ik(f˜
uR
u )
∗
kj
− θh˜θQ˜k(f˜Qu )Tik(g˜′Q)kl(f˜uRu )∗lj + 2θh˜θu˜k(g˜′uR)ik(f˜uRu )Tkl(f˜uRu )∗lj
+ θu˜k(g˜
′uR)ik
[
8
9
θB˜(g˜
′uR)†kl(g˜
′uR)lj +
8
3
θg˜(g˜
uR
s )
†
kl(g˜
uR
s )lj
]
− (g˜′uR)ij
[
4
3
g′2 + 4g2s
]
(56)
(4π)2
d(g˜′dR)ij
dt
=
[
c2θh + s
2θH
]
(fTd f
∗
d )ik(g˜
′dR)kj
+
[
1
9
θB˜θd˜k(g˜
′dR)ik(g˜
′dR)†kl +
4
3
θg˜θd˜k(g˜
dR
s )ik(g˜
dR
s )
†
kl
+θh˜θQ˜k(f˜
Q
d )
T
ik(f˜
Q
d )
∗
kl
]
(g˜′dR)lj
+
1
2
θB˜(g˜
′dR)ij
[
1
3
θQ˜l(g˜
′Q)†kl(g˜
′Q)lk + θL˜l(g˜
′L)†kl(g˜
′L)lk +
8
3
θu˜k(g˜
′uR)†kl(g˜
′uR)lk
+
2
3
θd˜k(g˜
′dR)†kl(g˜
′dR)lk + 2θe˜k(g˜
′eR)†kl(g˜
′eR)lk
]
+
1
2
θB˜θh˜(g˜
′dR)ij
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2}
− 6θB˜θh˜
[
c2θh + s
2θH
]
g˜′hd(fd)
T
ik(f˜
dR
d )
∗
kj
+ 2θh˜θQ˜k(f˜
Q
d )
T
ik(g˜
′Q)kl(f˜
dR
d )
∗
lj + 2θh˜θd˜k(g˜
′dR)ik(f˜
dR
d )
T
kl(f˜
dR
d )
∗
lj
+ θd˜k(g˜
′dR)ik
[
2
9
θB˜(g˜
′dR)†kl(g˜
′dR)lj +
8
3
θg˜(g˜
dR
s )
†
kl(g˜
dR
s )lj
]
− (g˜′dR)ij
[
1
3
g′2 + 4g2s
]
(57)
59
(4π)2
d(g˜′eR)ij
dt
=
[
c2θh + s
2θH
]
(fTe f
∗
e )ik(g˜
′eR)kj
+
[
θB˜θe˜k(g˜
′eR)ik(g˜
′eR)†kl + θh˜θL˜k(f˜
L
e )
T
ik(f˜
L
e )
∗
kl
]
(g˜′eR)lj
+
1
2
θB˜(g˜
′eR)ij
[
1
3
θQ˜l(g˜
′Q)†kl(g˜
′Q)lk + θL˜l(g˜
′L)†kl(g˜
′L)lk +
8
3
θu˜k(g˜
′uR)†kl(g˜
′uR)lk
+
2
3
θd˜k(g˜
′dR)†kl(g˜
′dR)lk + 2θe˜k(g˜
′eR)†kl(g˜
′eR)lk
]
+
1
2
θB˜θh˜(g˜
′eR)ij
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2}
− 2θB˜θh˜
[
c2θh + s
2θH
]
g˜′hd(fe)
T
ik(f˜
eR
e )
∗
kj
− 2θh˜θL˜k(f˜Le )Tik(g˜′L)kl(f˜ eRe )∗lj + 2θh˜θe˜k(g˜′eR)ik(f˜ eRe )Tkl(f˜ eRe )∗lj
+ 2θB˜θe˜k(g˜
′eR)ik(g˜
′eR)†kl(g˜
′eR)lj − 3(g˜′eR)ijg′2
(58)
(4π)2
d
(
sg˜′hu
)
dt
=
2
4
θB˜
[
1
3
θQ˜l(g˜
′Q)lk(g˜
′Q)†kl + θL˜l(g˜
′L)lk(g˜
′L)†kl +
8
3
θu˜k(g˜
′uR)lk(g˜
′uR)†kl
+
2
3
θd˜k(g˜
′dR)lk(g˜
′dR)†kl + 2θe˜k(g˜
′eR)lk(g˜
′eR)†kl
]
sg˜′hu
+
1
2
θh˜θB˜
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2} sg˜′hu
+
1
2
θh˜
[
3θu˜ksg˜
′hu(f˜uRu )
∗
lk(f˜
uR
u )
T
kl + 3θQ˜lsg˜
′hu(f˜Qu )
∗
lk(f˜
Q
u )
T
kl
]
+
1
4
θh˜
[
s2θh + c
2θH
]
sg˜′hu
{
3θW˜
∣∣g˜hu∣∣2 + θB˜ ∣∣g˜′hu∣∣2}
+ 2θQ˜ls(g˜
′Q)lk(fu)
∗
km(f˜
Q
u )
T
ml − 8θu˜ks(f˜uRu )Tkm(fu)∗ml(g˜′uR)lk
+ θB˜θh˜c
2 (θh − θH)
∣∣g˜′hd∣∣2 sg˜′hu + 3θW˜ θh˜c2 (θh − θH) g˜′hd(g˜hd)∗sg˜hu
+ sg˜′hu
[(
s2θh + c
2θH
)
Tr{3f †ufu}+ c2 (θh − θH)Tr
{
3f †dfd + f
†
e fe
}]
+
1
2
θh˜sg˜
′hu
{
3θW˜
[(
s2θh + c
2θH
) ∣∣g˜hu∣∣2 + c2 (θh − θH) ∣∣g˜hd∣∣2]
+θB˜
[(
s2θh + c
2θH
) ∣∣g˜′hu∣∣2 + c2 (θh − θH) ∣∣g˜′hd∣∣2]}
− sg˜′hu
[
3
4
g′2 +
9
4
g22
]
(59)
60
(4π)2
d
(
cg˜′hd
)
dt
=
2
4
θB˜
[
1
3
θQ˜l(g˜
′Q)lk(g˜
′Q)†kl + θL˜l(g˜
′L)lk(g˜
′L)†kl +
8
3
θu˜k(g˜
′uR)lk(g˜
′uR)†kl
+
2
3
θd˜k(g˜
′dR)lk(g˜
′dR)†kl + 2θe˜k(g˜
′eR)lk(g˜
′eR)†kl
]
cg˜′hd
+
1
2
θh˜θB˜
{[
s2θh + c
2θH
] ∣∣g˜′hu∣∣2 + [c2θh + s2θH] ∣∣g˜′hd∣∣2} cg˜′hd
+
1
2
θh˜
[
3θd˜kcg˜
′hd(f˜dRd )
∗
lk(f˜
dR
d )
T
kl + θe˜kcg˜
′hd(f˜ eRe )
∗
lk(f˜
eR
e )
T
kl
+3θQ˜lcg˜
′hd(f˜Qd )
∗
lk(f˜
Q
d )
T
kl + θL˜lcg˜
′hd(f˜Le )
∗
lk(f˜
L
e )
T
kl
]
+
1
4
θh˜
[
c2θh + s
2θH
]
cg˜′hd
{
3θW˜
∣∣g˜hd∣∣2 + θB˜ ∣∣g˜′hd∣∣2}
+ 2
[
−θQ˜lc(g˜′Q)lk(fd)∗km(f˜
Q
d )
T
ml + θL˜lc(g˜
′L)lk(fe)
∗
km(f˜
L
e )
T
ml
]
− 4
[
θd˜kc(f˜
dR
d )
T
km(fd)
∗
ml(g˜
′dR)lk + θe˜kc(f˜
eR
e )
T
km(fe)
∗
ml(g˜
′eR)lk
]
+ θB˜θh˜s
2 (θh − θH)
∣∣g˜′hu∣∣2 cg˜′hd + 3θW˜ θh˜s2 (θh − θH) g˜′hu(g˜hu)∗cg˜hd
+ cg˜′hd
[
s2 (θh − θH) Tr{3f †ufu}+
(
c2θh + s
2θH
)
Tr
{
3f †dfd + f
†
e fe
}]
+
1
2
θh˜cg˜
′hd
{
3θW˜
[
s2 (θh − θH)
∣∣g˜hu∣∣2 + (c2θh + s2θH) ∣∣g˜hd∣∣2]
+θB˜
[
s2 (θh − θH)
∣∣g˜′hu∣∣2 + (c2θh + s2θH) ∣∣g˜′hd∣∣2]}
− cg˜′hd
[
3
4
g′2 +
9
4
g22
]
(60)
61
(4π)2
d(g˜Q)ij
dt
=
1
2
θW˜
[
3θQ˜l(g˜
Q)lk(g˜
Q)†kl + θL˜l(g˜
L)lk(g˜
L)†kl
]
(g˜Q)ij
+
1
2
θh˜θW˜ (g˜
Q)ij
{[
s2θh + c
2θH
] ∣∣g˜hu∣∣2 + [c2θh + s2θH] ∣∣g˜hd∣∣2}
+
1
2
(g˜Q)ik
{[
s2θh + c
2θH
]
(f∗uf
T
u )kj +
[
c2θh + s
2θH
]
(f∗d f
T
d )kj
}
+
1
2
(g˜Q)ik
[
θh˜θu˜l(f˜
uR
u )
∗
kl(f˜
uR
u )
T
lj + θh˜θd˜l(f˜
dR
d )
∗
kl(f˜
dR
d )
T
lj +
3
2
θW˜ θQ˜l(g˜
Q)†kl(g˜
Q)lj
+
1
18
θB˜θQ˜l(g˜
′Q)†kl(g˜
′Q)lj +
8
3
θg˜θQ˜l(g˜
Q
s )
†
kl(g˜
Q
s )lj
]
− 2θh˜
{[
s2θh + c
2θH
]
g˜hu(f˜Qu )
∗
ik(fu)
T
kj +
[
c2θh + s
2θH
]
g˜hd(f˜Qd )
∗
ik(fd)
T
kj
}
+
1
2
θQ˜l
[
3θW˜ (g˜
Q)ik(g˜
Q)†kl +
1
9
θB˜(g˜
′Q)ik(g˜
′Q)†kl +
16
3
θg˜(g˜
Q
s )ik(g˜
Q
s )
†
kl
]
(g˜Q)lj
+ θh˜θQ˜l
[
(f˜Qu )
∗
ik(f˜
Q
u )
T
kl + (f˜
Q
d )
∗
ik(f˜
Q
d )
T
kl
]
(g˜Q)lj
− (g˜Q)ij
[
1
12
g′2 +
33
4
g22 + 4g
2
s
]
(61)
(4π)2
d(g˜L)ij
dt
=
1
2
θW˜
[
3θQ˜l(g˜
Q)lk(g˜
Q)†kl + θL˜l(g˜
L)lk(g˜
L)†kl
]
(g˜L)ij
+
1
2
θh˜θW˜ (g˜
L)ij
{[
s2θh + c
2θH
] ∣∣g˜hu∣∣2 + [c2θh + s2θH] ∣∣g˜hd∣∣2}
+
1
2
[
c2θh + s
2θH
]
(g˜L)ik(f
∗
e f
T
e )kj
+
1
2
(g˜L)ik
[
θh˜θe˜l(f˜
eR
e )
∗
kl(f˜
eR
e )
T
lj +
3
2
θW˜ θL˜l(g˜
L)†kl(g˜
L)lj +
1
2
θB˜θL˜l(g˜
′L)†kl(g˜
′L)lj
]
− 2θh˜
[
c2θh + s
2θH
]
g˜hd(f˜Le )
∗
ik(fe)
T
kj
+
1
2
θL˜l
[
3θW˜ (g˜
L)ik(g˜
L)†kl + θB˜(g˜
′L)ik(g˜
′L)†kl
]
(g˜L)lj
+ θh˜θL˜l(f˜
L
e )
∗
ik(f˜
L
e )
T
kl(g˜
L)lj − (g˜L)ij
[
3
4
g′2 +
33
4
g22
]
(62)
62
(4π)2
d
(
sg˜hu
)
dt
=
1
2
θW˜
[
3θQ˜l(g˜
Q)lk(g˜
Q)†kl + θL˜l(g˜
L)lk(g˜
L)†kl
]
sg˜hu
+
1
2
θh˜θW˜
{[
s2θh + c
2θH
] ∣∣g˜hu∣∣2 + [c2θh + s2θH] ∣∣g˜hd∣∣2} sg˜hu
+
1
2
θh˜
[
3θu˜ksg˜
hu(f˜uRu )
∗
lk(f˜
uR
u )
T
kl + 3θQ˜lsg˜
hu(f˜Qu )
∗
lk(f˜
Q
u )
T
kl
]
+
1
4
θh˜
[
s2θh + c
2θH
]
sg˜hu
{
3θW˜
∣∣g˜hu∣∣2 + θB˜ ∣∣g˜′hu∣∣2}
− 6θQ˜ls(g˜Q)lk(fu)∗km(f˜Qu )Tml
+ θB˜θh˜c
2 (θh − θH) g˜hd(g˜′hd)∗sg˜′hu − θW˜ θh˜c2 (θh − θH)
∣∣g˜hd∣∣2 sg˜hu
+ sg˜hu
[(
s2θh + c
2θH
)
Tr{3f †ufu}+ c2 (θh − θH)Tr
{
3f †dfd + f
†
e fe
}]
+
1
2
θh˜sg˜
hu
{
3θW˜
[(
s2θh + c
2θH
) ∣∣g˜hu∣∣2 + c2 (θh − θH) ∣∣g˜hd∣∣2]
+θB˜
[(
s2θh + c
2θH
) ∣∣g˜′hu∣∣2 + c2 (θh − θH) ∣∣g˜′hd∣∣2]}
− sg˜hu
[
3
4
g′2 +
33
4
g22
]
(63)
(4π)2
d
(
cg˜hd
)
dt
=
1
2
θW˜
[
3θQ˜l(g˜
Q)lk(g˜
Q)†kl + θL˜l(g˜
L)lk(g˜
L)†kl
]
cg˜hd
+
1
2
θh˜θW˜
{[
s2θh + c
2θH
] ∣∣g˜hu∣∣2 + [c2θh + s2θH] ∣∣g˜hd∣∣2} cg˜hd
+
1
2
θh˜
[
3θd˜kcg˜
hd(f˜dRd )
∗
lk(f˜
dR
d )
T
kl + θe˜kcg˜
hd(f˜ eRe )
∗
lk(f˜
eR
e )
T
kl
+3θQ˜lcg˜
hd(f˜Qd )
∗
lk(f˜
Q
d )
T
kl + θL˜lcg˜
hd(f˜Le )
∗
lk(f˜
L
e )
T
kl
]
+
1
4
θh˜
[
c2θh + s
2θH
]
cg˜hd
{
3θW˜
∣∣g˜hd∣∣2 + θB˜ ∣∣g˜′hd∣∣2}
− 2
[
3θQ˜lc(g˜
Q)lk(fd)
∗
km(f˜
Q
d )
T
ml + θL˜lc(g˜
L)lk(fe)
∗
km(f˜
L
e )
T
ml
]
+ θB˜θh˜s
2 (θh − θH) g˜hu(g˜′hu)∗cg˜′hd − θW˜ θh˜s2 (θh − θH)
∣∣g˜hu∣∣2 cg˜hd
+ cg˜hd
[
s2 (θh − θH) Tr{3f †ufu}+
(
c2θh + s
2θH
)
Tr
{
3f †dfd + f
†
e fe
}]
+
1
2
θh˜cg˜
hd
{
3θW˜
[
s2 (θh − θH)
∣∣g˜hu∣∣2 + (c2θh + s2θH) ∣∣g˜hd∣∣2]
+θB˜
[
s2 (θh − θH)
∣∣g˜′hu∣∣2 + (c2θh + s2θH) ∣∣g˜′hd∣∣2]}
− cg˜hd
[
3
4
g′2 +
33
4
g22
]
(64)
63
(4π)2
d(g˜Qs )ij
dt
=
1
2
θg˜
[
2θQ˜l(g˜
Q
s )lk(g˜
Q
s )
†
kl + θu˜k(g˜
uR
s )lk(g˜
uR
s )
†
kl + θd˜k(g˜
dR
s )lk(g˜
dR
s )
†
kl
]
(g˜Qs )ij
+
1
2
(g˜Qs )ik
{[
s2θh + c
2θH
]
(fu)
∗
kl(fu)
T
lj +
[
c2θh + s
2θH
]
(fd)
∗
kl(fd)
T
lj
}
+
1
2
(g˜Qs )ik
[
θh˜θu˜l(f˜
uR
u )
∗
kl(f˜
uR
u )
T
lj + θh˜θd˜l(f˜
dR
d )
∗
kl(f˜
dR
d )
T
lj +
3
2
θW˜ θQ˜l(g˜
Q)†kl(g˜
Q)lj
+
1
18
θB˜θQ˜l(g˜
′Q)†kl(g˜
′Q)lj +
8
3
θg˜θQ˜l(g˜
Q
s )
†
kl(g˜
Q
s )lj
]
− 2θh˜
[
θu˜l(f˜
Q
u )
∗
ik(g˜
uR
s )kl(f˜
uR
u )
T
lj + θd˜l(f˜
Q
d )
∗
ik(g˜
dR
s )kl(f˜
dR
d )
T
lj
]
+
1
2
θQ˜l
[
3θW˜ (g˜
Q)ik(g˜
Q)†kl +
1
9
θB˜(g˜
′Q)ik(g˜
′Q)†kl +
16
3
θg˜(g˜
Q
s )ik(g˜
Q
s )
†
kl
]
(g˜Qs )lj
+ θh˜θQ˜l
[
(f˜Qu )
∗
ik(f˜
Q
u )
T
kl + (f˜
Q
d )
∗
ik(f˜
Q
d )
T
kl
]
(g˜Qs )lj
− (g˜Qs )ij
[
1
12
g′2 +
9
4
g22 + 13g
2
s
]
(65)
(4π)2
d(g˜uRs )ij
dt
=
[
s2θh + c
2θH
]
(fTu f
∗
u)ik(g˜
uR
s )kj
+
[
4
9
θB˜θu˜k(g˜
′uR)ik(g˜
′uR)†kl +
4
3
θg˜θu˜k(g˜
uR
s )ik(g˜
uR
s )
†
kl
+θh˜θQ˜k(f˜
Q
u )
T
ik(f˜
Q
u )
∗
kl
]
(g˜uRs )lj
+ θg˜θQ˜l(g˜
uR
s )ij(g˜
Q
s )
†
kl(g˜
Q
s )lk
+
1
2
θg˜(g˜
uR
s )ij
[
θu˜k(g˜
uR
s )
†
kl(g˜
uR
s )lk + θd˜k(g˜
dR
s )
†
kl(g˜
dR
s )lk
]
− 4θh˜θQ˜k(f˜Qu )Tik(g˜Qs )kl(f˜uRu )∗lj + 2θh˜θu˜k(g˜uRs )ik(f˜uRu )Tkl(f˜uRu )∗lj
+ θu˜k(g˜
uR
s )ik
[
8
9
θB˜(g˜
′uR)†kl(g˜
′uR)lj +
8
3
θg˜(g˜
uR
s )
†
kl(g˜
uR
s )lj
]
− (g˜uRs )ij
[
4
3
g′2 + 13g2s
]
(66)
64
(4π)2
d(g˜dRs )ij
dt
=
[
c2θh + s
2θH
]
(fTd f
∗
d )ik(g˜
dR
s )kj
+
[
1
9
θB˜θd˜k(g˜
′dR)ik(g˜
′dR)†kl +
4
3
θg˜θd˜k(g˜
dR
s )ik(g˜
dR
s )
†
kl
+θh˜θQ˜k(f˜
Q
d )
T
ik(f˜
Q
d )
∗
kl
]
(g˜dRs )lj
+ θg˜θQ˜l(g˜
dR
s )ij(g˜
Q
s )
†
kl(g˜
Q
s )lk
+
1
2
θg˜(g˜
dR
s )ij
[
θu˜k(g˜
uR
s )
†
kl(g˜
uR
s )lk + θd˜k(g˜
dR
s )
†
kl(g˜
dR
s )lk
]
− 4θh˜θQ˜k(f˜
Q
d )
T
ik(g˜
Q
s )kl(f˜
dR
d )
∗
lj + 2θh˜θd˜k(g˜
dR
s )ik(f˜
dR
d )
T
kl(f˜
dR
d )
∗
lj
+ θd˜k(g˜
dR
s )ik
[
2
9
θB˜(g˜
′dR)†kl(g˜
′dR)lj +
8
3
θg˜(g˜
dR
s )
†
kl(g˜
dR
s )lj
]
− (g˜dRs )ij
[
1
3
g′2 + 13g2s
]
(67)
[1] H. Georgi, H. Quinn and S. Weinberg, Phys. Rev. Lett. 33, 451 (1974). For other early impli-
cations using RGE methods, see A. J. Buras, J. Ellis, M. K. Gaillard and D. V. Nanopoulos,
Nucl. Phys. B 135, 66 (1978); N. Cabibbo, L. Maiani, G. Parisi and R. Petronzio, Nucl. Phys.
B 158, 295 (1979).
[2] K. Inoue, A. Kakuto, H. Komatsu and S. Takeshita, Prog. Theor. Phys. 68, 927 (1982); 71,
314 (1984); 71, 413 (1984); L. Alvarez-Gaume, J. Polchinski and M. Wise, Nucl. Phys. B 221,
495 (1983); L. Iban˜ez and C. Lopez, Nucl. Phys. B 233, 511 (1984). One-loop β-functions for
a general supersymmetric theory were worked out by N. Falck, Z. Phys. C 30, 247 (1986).
[3] H. Baer and X. Tata, Weak Scale Supersymmetry, Cambridge University Press (2006).
[4] M. Drees, R.M. Godbole and P. Roy, Theory and Phenomenology of Sparticles, World Scientific
(2004)
[5] P. Bine´truy, Supersymmetry, Oxford University Press (2006)
[6] S.P. Martin, A Supersymmetry Primer, arXiv:hep-ph/9709356 (1997).
[7] S. Dimopoulos and H. Georgi, Nucl. Phys. B 193, 150 (1981); N. Sakai, Z. Phys. C 11, 153
(1981); R. Kaul, Phys. Lett. B 109, 19 (1982).
[8] L. Girardello, M. Grisaru, Nucl. Phys. B 194, 65 (1982).
[9] Gravity-mediated SUSY breaking: A. Chamseddine, R. Arnowitt and P. Nath, Phys. Rev.
Lett. 49, 970 (1982); R. Barbieri, S. Ferrara and C. Savoy, Phys. Lett. B 119, 343 (1982); N.
65
Ohta, Prog. Theor. Phys. 70, 542 (1983); L. Hall, J. Lykken and S. Weinberg, Phys. Rev. D
27, 2359 (1983). For reviews see P. Nath, arXiv:hep-ph/0307123, and H.P. Nilles, Phys. Rept.
110, 1 (1984).
[10] Gauge-mediated SUSY breaking: M. Dine and A. Nelson, Phys. Rev. D 48, 1277 (1993); M.
Dine, A. Nelson, Y. Nir and Y. Shirman, Phys. Rev. D 53, 2658 (1996). See G.F. Giudice
and R. Rattazzi Phys. Rep. 322, 419 (1999) for a review of gauge-mediated SUSY breaking
models.
[11] Anomaly-mediated SUSY breaking: L. Randall and R. Sundrum, Nucl. Phys. B 557, 79
(1999); G. Giudice, et al., JHEP 12, 027 (1998).
[12] Gaugino-mediated SUSY breaking: D.E. Kaplan, G.D. Kribs and M. Schmaltz, Phys. Rev. D
62, 035010 (2000); Z. Chacko, et al., JHEP 01, 003 (2000); M. Schmaltz and W. Skiba, Phys.
Rev. D 62, 095004 (2000) and Phys. Rev. D 62, 095005 (2000).
[13] M.J. Duncan, Nucl. Phys. B 221, 285 (1983).
[14] M.E. Machacek and M.T. Vaughn, Nucl. Phys. B 222, 83 (1983); Nucl. Phys. B 236, 221
(1984); Nucl. Phys. B 249, 70 (1985).
[15] S. Martin and M.T. Vaughn, Phys. Rev. D 50, 2282 (1994).
[16] V. Barger, M. Berger and P. Ohmann, Phys. Rev. D. 47, 1093 (1993)
[17] Y. Yamada, Phys. Lett. B 316, 109 (1993); Phys. Rev. Lett., 72, 25 (1994); Phys. Rev. D 50,
3537 (1994).
[18] D.R.T. Jones and I. Jack, Phys. Lett. B 333, 372 (1994).
[19] D.J. Castan˜o, E.J. Piard and P. Ramond, Phys. Rev. D 49, 4882 (1994) and erratum (private
communication).
[20] A. Dedes, A.B. Lahanas and K. Tamvakis, Phys. Rev. D 53, 3793 (1996).
[21] A.D. Box and X. Tata, (paper in preparation).
[22] M. Luo, H. Wang and Y. Xiao, Phys. Rev. D 67, 065019 (2003).
[23] D. Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343 (1973); H.D. Politzer, Phys. Rev. Lett.
30, 1346 (1973).
[24] H. Arason, D.J. Castan˜o, B. Keszthelyi, S. Mikaelian, E.J. Piard, P. Ramond and B.D. Wright,
Phys. Rev. D 46, 3945 (1992); M. Luo and Y. Xiao, Phys. Rev. Lett. 90, 011601 (2003). One
loop RGEs were first worked out in Ref. [25].
[25] T.P. Cheng, E. Eichten and L-F. Li, Phys. Rev. D 9, 2259 (1974); E. Ma and S. Pakvasa,
66
Phys. Rev. D 20, 2899 (1979); M. Vaughn, Z. Phys. C 13, 149 (1982).
[26] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652 (1973).
[27] ISAJET v7.74, by H. Baer, F. Paige, S. Protopopescu and X. Tata, arXiv:hep-ph/0312045.
[28] D. Pierce, J.A. Bagger, K.T. Matchev and R. Zhang, Nucl. Phys. B 491, 3 (1997).
[29] S. Weinberg, Phys. Lett. B 91, 51 (1980); L. Hall, Nucl. Phys. B 178, 75 (1981); B. Ovrut and
H.J. Schnitzer, Nucl. Phys. B 184, 109 (1981); K.G. Chetyrkin, B.A. Kniehl, M. Steinhauser,
Phys. Rev. Lett. 79, 2184 (1997). See also, B. Wright, arXiv:hep-ph/9404217 (1994) and
H. Baer, J. Ferrandis, S. Kraml and W. Porod, Phys. Rev. D 73, 015010 (2006) for discussions
of this in the SUSY context.
[30] H.C. Cheng, J. Feng and N. Polonsky, Phys. Rev. D 57, 152 (1998); M. Nojiri, D. Pierce and
Y. Yamada, Phys. Rev. D 57, 1539 (1998).
[31] J. Feng, H. Murayama, M. Peskin and X. Tata, Phys. Rev. D 52, 1418 (1995); M. Nojiri,
K. Fujii and T. Tsukamoto, Phys. Rev. D 54, 6756 (1996).
67
